Deep learning

Intro
Main uses of SSL as of 2021

Two Uses for Self-Supervised Learning

» 1. Learning hierarchical representations of the world
» SSL pre-training precedes a supervised or RL phase

» 2. Learning predictive (forward) models of the world
» Learning models for Model-Predictive Control, policy
learning for control, or model-based RL.

» Question: how to represent uncertainty & multi-
modality in the prediction?

Why we need many hidden layers? Why we need deep learning?
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The world is compositional

1. Two layers NN are universal approximators but

Two layers NN are universal approximators but extremely inefficient to train

Deep ANNSs transform the space nonlinearly so that trdataset becomes linearly separable
The larger the number of layers the larger the generalization of the embeddings

In overparameterized problems it is much easier to find a minimum

A theorem says that 2 layers NN are universal approximators as long as you have a large number of neurons in the hidden
layer. They can approximate any function. The reason though that we need NN with more than one hidden layer, is that there
are many furctions that are really inefficient to approximate with only one hidden layer. You would need a ridiculous number
of units in the hidden layer which will make training extremely inefficient. This is the reason we need deep learnirigtook the
ML community decades to understand thislt became obvious in the beginning of 2010s

2. Deep ANNSs transform the space nonlinearly so that the dataset becomes linearly separable
In a two way classification problem, if the number of training examples is larger than the number of features then the chasice
the decision boundary to be linear is almost zero. This is an old theorem (1966). So we need to find way to deal with noedin
decision boundaries. So you havi® somehow transform the feature spacaon linearly, so that in the new feature space, the

decision boundary is linear What you actually do is that you expand the space non linearly, you increase the number of
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features) is larger than the number of datapoints. This makes it easy to find a linear decision boundary.

This is what manual feature extraction tried to do back in the day. To transform the features in such a way that they can be
separated linearly. The important thing is that this preprocessing must be non linear. Deep networks do this non linear feagu
creation automatically. For intuition of why this is the case, checkhat ANNs actually dochapter.

Linear Classifiers and their limitations

N
» Linear classifier y=sign(Y w,x,+b)
i=1

» Partitions the space into two half spaces separated by the hyperplane:

N
Z w,x+b=0
t=1 Not linearly separable dataset

Linear classifiers (one unit ANN, SVM, etc.) were typically used i
supervised learning. A linear classifier in this case is a system
with just one unit/neuron (and the input units of course). Have in
mind this intuition about the decision boundary of sucha linear
classifier. The weight vector w is orthogonal to the decision
boundary because the weighted sum is a dot product between w
and x. two vectors have dot product of 0 when they are
orthogonal. When the weighted sum is O (b is just an offset) we
are at the decision boundary because the system outputs (
changes the position, w changes the orientation)
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Ideas for “generic” feature extraction For non linearly separatable cases, you have to transform space
non linearly (expanding the space non linearly increasing the

» Basic principle: R . . . .
b number of dimensions so that the number of dimensions is large

» expanding the dimension of the representation so that things are more

likely to become linearly separable. than the number of examples and the dataset has a chance of
-~ smaiiing being linearly separable), so that in the resulting space the data
b - ranidofiprojectians : set is linearly separatable. This is what polynomial regression
» - polynomial classifier (feature cross-products) does. Or kernel machines in SVM.

» - radial basis functions
» - kernel machines

Example: monomial features e polynomial regression for space transformation
_ _ Have in mind that what polynomial regression actually does, is t0
» Feature extractor computes cross products of input variables . ;
» A linear classifier on top computes a polynomial of input variables transform the feature space In a non linear way, SO that after the
®(x1,@2) = (121, 22, 2122, 27, 23] transformation, in the new space, the datapoints are linearly

separable and we can use a typical linear classifier. We adbre
features (x1x2,x2,x22) and we do linear classification in that
space which is a quadratic classification in the original space.

» generalizable to degree d

» Unfortunately impractical
for large d

» Number of features is d
choose N, which grows
like N¢ .. -

» Butd=2is used a lot in %
“attention” circuits. . / .

Shallow networks are universal approximators! B | SVM with kernels for space transformation
SVM with kernels as ANN

e et Gx.m = 32 em(x.xX) | You can think of SVM with kernels as an ANN with one hidden

» The first layer is “trained” with the o layer where the number of units are the same with the number of

simpleat ﬂisnugp:ahr:ﬁi] r;li;hgg ever — -’\»\ training examples and we train the network in such as way that &
S 3 unit produces 1 or close to it if the input vector is the same as a

templates for the kernel functions.
# 2-layer neural nets training example. Each unit shows the similarity with a different

e te2ee training example. (they are the landmarks). But it has only one
# But few useful functions can be k> hidden layer with all the problems this brings.(no deep learning).

efficiently represented with only two X7
layers of reasonable size.

3. The larger the number of layers the larger the generalization of the embeddings
The larger the number of layers the smaller the layers need to be in order to approximate a specific function. Smaller layers
mean smaller embeddings which can make them more generic. They can be enforced to capture only the important aspects of
the input, the most important patterns. So they can generalize better. Have in mind that the ability of a system to generalize
depends on its architecture that must be suitable for the data it receives (convnets for vision, transformers for speech).

4. In overparameterized problems it is much easier to find a minimum
In overparameterized problems it is much easier to find a minimum using optimization methods. This is the reason why many
ANNSs use more parameters than you might think is necessary. (one intuition | guess is that it is easier to overcome local
minima in certain dimensions (certain parameters) by moving towards the other dimension. So the optimization algorithm
can has many options for escaping local minima.)

5. The world is compositional
So this multilayer architecture with end to end learning allows the ANNSs to learn hierarchies of simple to complex patterns.
Also this compositionality makes the world comprehensible in the sense that we can process high level concepts that
represent complex patterns and we can reason with these high concepts.

History
have in mind module based automatic differentiation

you can have modules of ANNs and if you know how to propagate gradients through these modules, you can compute
gradience for any kind of graph of interconnected modules (assembly of modules) creating complex systems.



» 1943: McCulloch & Pitts, networks of binary neurons can do logic >
» 1947: Donald Hebb, Hebbian synaptic plasticity » 1979:
» 1948: Norbert Wiener, cybernetics, optimal filter, > 1982:
feedback, autopoiesis, auto-organization. > 1983:

» 1957: Frank Rosenblatt, Perceptron >
» 1961: Bernie Widrow, Adaline > 1989:
» 1962: Hubel & Wiesel, visual cortex architecture » 1991:
» 1969: Minsky & Papert, limits of the Perceptron > 1995:
— - > 1996:

‘ ) >

» 2003
» 2006
» 2010

Inspiration for Deep Learning: The Brain! " More History

1970s: statistical patter recognition (Duda & Hart 1973)

Kunihiko Fukushima, Neocognitron
Hopfield Networks
Hinton & Sejnowski, Boltzmann Machines

1985/1986: Practical Backpropagation for neural net training

Convolutional Networks

Bottou & Gallinari, module-based automatic differentiation

Hochreiter & Schmidhuber, LSTM recurrent net.

structured prediction with neural nets, graph transformer netg

: Yoshua Bengio, neural language model
: Layer-wise unsupervised pre-training of deep networks
: Collobert & Weston, self-supervised neural nets in NLP

More History

> 2012: AlexNet /| convnet on GPU / object classification
» 2015: I. Sutskever, neural machine translation with multilayer LSTM
» 2015: Weston, Chopra, Bordes: Memory Networks

» 2016: Bahdanau, Cho, Bengio: GRU, attention mechanism
» 2016: Kaiming He, ResNet

Y. LeCy

Future challenges

There are no systems as of 2021 that can do these things well with a few exceptions maybe.

1. Self supervision (no labels)

2. Reasoning (memory network was and is an attempt) reasoning

3. 1001 TTi1TO00 ACAT 0O OEAO AAT b
to represent action plans in a hierarchical manner.

&

» Plan complex sequénces ons?

|

Notation

Block diagram notations for computation graphs

> Variables (tensor, scalar, continuous, discrete...)
» Observed: input, desired output...

y » Computed variable: outputs of deterministic functions

» Deterministic function
) & » Multiple inputs and outputs (tensors, scalars,....)
» Implicit parameter variable (here: w)

» Scalar-valued function (implicit output)

y G) > Single scalar output (implicit)

» used mostly for cost functions

» Remember massive amountg.jf factual knowledge?

» Learn hierarchical réprese ns of action plans?

with learnind\ lot of people working on this
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Traditional Neural Net

P Stacked linear and non-linear functional blocks
» Weighted sums, matrix-vector product

» Point-wise non-linearities (e.g. RelLu, tanh, ....)




Grey background in the input means it is an observation
Red circle means learned parameter

Variable names

& observed during: training € — testing @
Y observed during: training € — testing

Z observed during: training ¢ — testing

Bold is vector
Curly brackets mean set
Curly X is the design matrix (collection of samples)

The learning rate might be a matrix. (so each parameter (weight) has each one learning rate?)

Have in mind the notation forsubscripts and
superscripts.

Ajth-unit Ith-layer

looking from.

We usecolumn vectors for the weight matrix. This means that in this case the W matrix between the inpu
(2 units) and the first hidden layer (100 units) would be 100*2 and not 2*100. First is the direction we are

In classification problems transforming to higher dimensions makes the optimization problem easier to
solve. The points are separated with each other, there are less constraints and can be much easier to fin
good linear decision boundaries between themHave in mind that this is not a regression problem where
you might have sparse data problem by the large humber of dimensions




C is the correct class index

+ EO OEA 101 AAO T &£ Al AOOA
h = f(Whrx + bp) W, € Rx" blue
g = g(Wyh + b,) by, € R? If the example x1 is in blue then y1 encoded with-hot
W, ¢ RExd encoding will be [0 0 1] and c=3, the index (+1) of the
f,g=(0),0(), b P class, or the index of the 1 in the y vector.
\ -~ m»d=100 ) . . .
SN tanh(-), soft (arg)max(-) by €R X isthe des'Qn matrix
M examples, n components each example (n features)

Neural network (inference)

Variables written in Bold in these diagrams show that
they are vectors.

Per sample loss
Neural network (training I)
Logits: output of final layer SN
soft (arg)max(l)[c] = %
> k=1 exp(l[k])

U7, c) = —log(7lc])

1- means it tends to 1 from below

€(0,1)
logit
the linear output of a NN is called logit.

\-— oross entropy / negative Log-Likelihood

Neural network (training Il)
© = {Wh, br, Wy, by}
J(©) = L(Y(©),c) e R?

dJ(©) _dJ(©) 87 <
oW,  0j oW, %
8J(©) _8J(©)dy Oh
oWy, 09 Oh oW

Train data

n
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P K Inference for all examples at once
= X‘ x o TNAA
X S~ \{ 2 ‘é‘-‘
= X "‘:33"'.‘
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Inference and Amortized inference

A note: Back propagation is not used only for training. It is used for amortized inference togradient descent is used for

amortized inference too.
7§ = fa(z) Inference and Amortized inference
You have a given network with fixed weights. in the first case you have

typical inference.
Encoder
In the second case you have amortized inference. The observation is ng

y, the network is fixed and you want to find an par that produces a y very

T = argmin((y — f(,(m))Z) close to the observed one given a fixed network. You do this with
T gradient descent or any other optimization algoYou compute the
gradient with respect to x(and not with respect to the weights of the
encoder). You use backpropagation to compute these gradients. The
output of amortized inference is the result of an optimization problem.

But it is still inference.

Backpropagation

NG Notes

Backpropagation is a method for calculating the gradient of the cost function with respect to the parameters of the
ANN (weights and biases). Then you can use that gradient for an optimization algorithm like gradient descent to
minimize the cost function w ith respect to the parameters of the ANN .

To minimize the cost function of a ANN we can use a gradient based method. For that, we need to be able to calculate the cost
function and the partial derivatives of the cost function with respect to its parameters (for many parameter values).
Backpropagaton is a method using which we can calculate the partial derivatives of the cost function with respect to its
parameters and thus we can use them for a gradient based optimization of the cost function (gradient descent or any other
gradient based algorithm). Essentially you need a program that gets as input some initial parametegs(the initial weights), it
calculates the cost function and its partial derivatives for each weight and then it uses these to calculate the new weiddyts
minimizing the cost function.

One example in the training set



Gradient computation
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Gradient computation

Given one training example (z, v ):
Forward propagation:

a) =z

2(2) — (1))
a? = g(2?) (add ng')))
:(.‘l) — 6(2)"(2) Layer1 Layer2

; . (3)
a® = g(z®) (add ag")
2(4) = 93)4(3)
a® = hg(z) = g(2¥)

Gradient computation: Backprc;pagation algorithm
g\ (€

Layer1 Layer2

oy o‘(.’i) — (e(:;,)'p(;(.”:—*g/(:(:S)) \l). ” L\—

S goucan

—_—

.* is the element wise multiplication in matlab

)log(1 — hg(z™)x)

Layer 3 Layer 4

) («)

S () B ” i e s
Intuition: 4, = "“error of node j in layer L. NG_’ L =
- RN
For each output unit (layer L= 4) 8 ':"*‘8
) o 499 Y O~ 2%
hetdj 870"y TNGEIZA0

Layer3  Layerd

Ofn)

X T e e B
- 5::: ((—)s‘:‘)\))lé(").*g (:l-;//) a®.x (1-o™)
X ¢ Rl “”*ﬁ”“
" ne Oy,
Kwauu +|"£ . . o

1 (4) is just activation minus training example data. The formulal
for the other turn out to be like the ones shown in the picture
x E A Oi& theCd@rivative of the activation function g evaluated
at the input value 23 which is a®*(1-a®). In general_is the
activation error.

It turns out that in order to calculate the partial derivatives we
need first to calculate the erron for each node. And to do that
we need to calculate thq for the output layer first and use that
to calculate they of the nodes of the previous layer and so on.
So essentially we are back propagating the errors. This is whel
the name of the method comes from. Of course in order to
calculate theys we need to calculate the activation of all nodes
first and we do this using vectorized forward propagation. For
example, in case of one example and with no regularization, th
partial derivative of the cost function is given by the formula of
the picture a*y.

-%g‘l:i; 3l®) - cf.n‘f:h‘) (13‘@? N it
) ’ e O)

So if you know the errors;, you can calculate the derivative
and use it in the minimization calculation of the cost function,
for example with the gradient descent method>[ =[ z a*
partial -derivative where [ is a weight. You do this for all the
weights.

Notice that we use the derivative of the activation function
C6j Uq ET OEA AOOI OO AAHeA Ol AO
activation function g must be differentiable . In mathematics,
a differentiable function of one real variable is a function whose
derivative exists at each point in its domain. In other words, the
graph of a differentiable function has a nofvertical tangent line
at each interior point in its domain.A differentiable function is
smooth (the function is locally well approximated as a linear
function at each interior point) and does not contain any break,
angle, or cusp.

The cost function must be smooth. Therefore, ANNs use continuously ranging outputs for the neurons instead of binary

outputs as biological neurons do. In the binary output case, a slight change in a weight could be the difference between

activation or not, which means that the cost function would be vertical in that position

ATT8

Imagine that no matter what the weight is the cost is always the same (the neurons
O ZEOA &£ O AgAipi Aq AT A £ O A OEI

AAT 60 001 COAAEAT O AAOCAA 1 POEI EUAOEI T
randomfrt UT O AT 160 ET1 x Ol xEEAE AEOAAOQE
function.

Many examples in the training set




Backpropagation algorithm
— Training set {(zV,yV)), ..., (z(™), y(m))}

> Using 1/" compute o) =fg(&) ﬂ

A .
Set A 1) — 0 (forall 1., j). (st “bs Copute & I(@ﬂ error of all examples. The variables-
. 10 accumulates the errors of all examples for each
For i =1tom <‘ ( _> weight. Actually not just the errors but the
Set a() =z product a*) (which is the partial derivative of
» Perform forward propagation to compute o) for 1 =2,3,..., L the cost function).

b Compute 8-—1, 52, ... 52 }‘{&/ 4oy, .y | formexamples and regularization, the partial
{7 " ~ § g derivative is given by the formula for variable
R
D:
>pM= L AQ +20{) if j £ 0 —o-J(©) =DV
i = m & 5007 (©) = D;; DY) := L AQD +,\() if j #0
= Du = #AEJ) ifj=0 e J[ N l
== : D) := 1A0) if j =0

Now we have many examples so the weight of
one node should be calculated based on the

It turns out with some complicated math, that

Knowing the derivatives we can use a gradient based method to minimize the cost function for example with the gradient
descent method->[ =[ z a* partial-derivative where [ is one weight corrected for the errors of all training examples. You do

this for all the weights.

Some intuitions for understanding backpropagation

Forward Propagation

ormally, 8 =

cost(i) ost
) log h(_, 2

(for j > 0), where
M log he(z)

~

cost(i) = l/ (1 =90

Andrew Ng

In general, we do a forward and a back propagation
calculation for every example of the training set.

So, for one example and if we ignore regularization,
forward propagation propagates the activation values
forward to calculate the z value of the next node. Back
propagation propagates the error values backwards to
calculate the error value of the previousode.

It turns out that the error values are the partial
derivatives of the cost function with respect to the z
(not with [).

(55” = “error’ of cost for u (unltj in layer ).

’ st (i)

Formally, 6“ — (for j > 0), where

cost(i) = “(o log g;‘im] + (1= y) log ho ()

Gradient checking



Numerical estimation of gradients == This is a method with which you can check if the partial

y gradients computed by back propagation are correct.
Essentially it is a way to debug your backpropagation
implementation. You calculate numerically the partial
derivatives (using the two sided diffeence method) and
compare them with gradient descent. You do this for only
one step, one training example and if it is ok then you
continue with backpropagation without recomputing

-t numerically the gradients since this computation is very
expensive.

Parameter vector (/
= f € R™ (E.g. 0 is“unrolled” versionof ©(1) 02 6®))
= 9 l_@l 92 93 ..... 9,,]

o o J(01.02+€.03.....9,, )—.](01.92—(.03.....0,,)
> 2 J(0) ~ =

% J(01,02,05,..., 0, —J(01,02,03,..., 0, —
()J(e)z(lzs +f)2€(123 €)

Random initialization

47 OiF A1l 10601 AAOOG Al1T OA O nh AOGO 116 n OET AA OEEO xi O1 A OA
initialization since that would cause all the weights of each node to be identical which means that the nodes of the nexétay

learn the samefunction of the input, they have the exact same activation valué&/hich makes them highly redundant.

Zero initialization Random initialization: Symmetry breaking
% l . & &
H \ ‘7(')51-) = 0 for all 7, j, l. Initialize each () to a random value in [—¢, €]
Dl ) Bole) (i.e.—e < O < <)
) / . E.g.
#hhy W:v 3 B
®L\) = @“ Thetal = rand(10,11)*(2*INIT EPSILON)
;o" @ » )@“’ 3@ g o - INIT EPSILON;
After each update, parameters corresponding to inputs going into each of Theta2 = rand(1,11)* (2*INIT_EPSIL0N)
o hidden units are identical. - INIT _EPSILON;
\1‘ 5 all?
Putting it together
Training a neural network Notice that the simplest implementation of back
1. Randomly initialize weights propagation is done with a for loop, but there are more
—2. Implement forward propagation to get /o (z*)) for any (") AT i pl Ao OAAOT OEUAA 1 AOET AG
—3. Implement code to compute cost function J(©) are much faster.

4. Implement backprop to compute partial derivatives ,,(_,u J(©)
- for i = 1:m i (\/‘3)\ k*mfj\/ (") 75

Notice that with this implementation the partial derivative

< Perform forward propagation and backpropagation using with respect to a parameter (to a weight) is calculated by
example (29, ) using information from all training examples. Thes-terms
(Get act,vm and delta terms 60 for [ =2,...,L). is the accumulated summation of s calculated for all

— a®is O O T examples. So theij for a specific node j is the cumsum of
7 1 from all training examples.(probably stochastic gradient
e (@Y, descent uses only one example)

Co v(,v*( §®(°\




d

=5. Use gradient checking to compare ;5@ J(©) computed using
backpropagation vs. using numeri?aﬁﬁ'fma"teof gradient
of J(O). )
Then disable gradient checking code.
6. Use gradient descent or advanced optimization method with
backpropagation to try to minimize J(©) as a function of
parameters ©

Putting it all together (me)

In a gradient descent step you update all the weights using the calculated partial derivatives from all training examplesgth

terms calculated with backpropagation). | guess that then you need to repeat the whole process (stepS)for the updated

weights, to calculate the new gradients and use them to 1e@pdate the weights. Then for each state with new weights (each

epoch) you run the neural net to the test set and you get an error rate (misclassification error) which you add to a plot to
watchthealy OEOEI 8O0 AT 1T OAOCAT AA8 )1 OO1T AEAOOEA COAAEAT O AAOAAT O
on some randomly selected examples instead of using all examples in every step.

Intuition

a 13 = o(wpag + wyay + -+ + an_1+0b)

Just keeping track

Increase b @12
Increase u

in proportion to a;

Change a;

111 ] roportion to

; Propagate, backwards

Increase b

Increase w;
in proportion to a;

Change a;

ih ])!t)éuyﬂiu“ 1O w

+++++F A+ +

The ANN sees a picture of a 2. It produces an output vector. We know the correct answer so we take the differences between
OEA 1 AOO 1 AUAO AAOEOAOETT AT A OEA AT OOAAO AAOEOAOQET 1 BerewAAE
weEOT 1 AOA OEA OAATT A TAOGOIT 1T 4&# OEA 100POO 1 AUAO8 ) 060 AAOE(
There are three ways to change this activation

1 Change bias
1 Change weights
T / KFEy3aS LINBS@GA2dza flFeSNRa FOGADrGA2Y
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large activation etc.

4EAT xA AAT 60 AEEAAO OEA AAOEOAOQGEIT T O AOO xA AAT AAAOAA ET x
specific exmple. Increase the activation of neurons connected with positive weights with the output neuron two, and decrease

the ones connected with negative weights. Then we use this result to calculate the weights changes of the previous layer.

This way we get how much we want to change all weights based on this output neuron for thos single example. Then

we repeat the same process for the next output neuron, for this specific example. And do this for all output neurons.

Then we calculate the ave rage change to each weight given by all output neurons for this specific example. Then

repeat this whole process again for each example. And we calculate the average weight change for all examples. These
values are actually the negative derivatives of theost function.

The math
Assume we have an ANN with layers of one neuron (just for understanding the math)
The cost of the (one in this case) output neuron depends on three different terms.

1. The weights of the last layetw
2. the bias of the last layet-b
3. the activations of the previous layérta

The cost sensitivity to the weights (the partial derivative of the cost function with respect to the weight)

' 9a) 9C0 Co(...) = (aF) — y)?

9z(L) dalL)

/"\L\(I(Lfl) + [){L)
Desired

(2'7) output

Z

A= alD) —
So we know the derivative of the cost
function with respect to the last weight w

for one example.

Notice that we use the derivative of the
activation function A and this is the reason
for which we want the activation function
to be differentiable for back propagation
to work.

And this is one element of the gradient
vector. It is the derivative with respect to
the last weight w-. the other elements are
the derivatives with respect with the

other weights (and biases)

Average of all
training examples

oC at
ow'L) g Jw &
k=0
Ny
Derivative of
full cost function

The cost sensitivity to the bias



aC, Jdz da'L) 9C0 - (L) (L = Again we sum up for all training

(.')I')["L) N (-.)h( L) ‘;;;u’_. (‘?n'('Lf)

examples.

S~

From this part of the cost comes the
term back propagation. We have
calculated how much we want to
modify the previous activation. But we
AAT 60 AEOAAOI U AT

AT 1 0011 ETAEOAAOQI
weights, biases and previous
activation.

So based on this calculated value, we
calculate how we want to change the
previous weights and biases and
activations.

We actually propagate the error
backwards.

Doing all this, we have calculated the gradient of the cost
function. And we can use it with an optimization algorithm.

Compute
Vectorized form for backpropagation

You have a functional module that gets a vector and outputs a vector. This module can be a linear module for example
multiplication of the input vector with a matrix, or it can be a nonlinear module for example passing the input through a rel
function, or it can be a cost function etc. To back propagate a gradient vector (or scalar, or matrix etc.) through this module,
you must first calculatehow each element of its output is affected by each element of its input  (or vice versa however you
prefer to think of it). This can be written as the partial derivative of the output vector with respect to the input vector. The
result of this operation (dzg/dzf) is a matrix. The first element of the output vector is affected by each element of the irtp
vector which means that this relationship is described by a vector. It shows how much each element of the input affects the
first element of the output. You repeat for the second element of the output and so on. So you end up with a matrix with all
interactions. (Matrix calculus or multivariate calculus). This is theacobian matrix of that functional module. The jacobian

i AOOE® T £# A &£O01 AGETTAT 11TAOI A OEI xO EI x AAAE Al Al Alseifi £ OE

you have the gradient vector that you want to backpropagate through that functional module and you know the
jacobian of that module with respect to its input (it will have one jacobian for each set of input parameters ), you can
calculate the gradient vector of that input of this mo dule by multiplying the given gradient vector with that jacobian
matrix . So, you backpropagate the gradient . Essentially, we know how much each output value should change (this is the
gradient that was back propagated to our module from higher parts of the model). We also know how each output node is




affected by each input node. Knowing these two things, we can calculate how much we need to change the nodes of the input
to create the given change in the output (this is the gradient that we will back propagate to the lower parts of the mod&ach
functional module has a certain jacobian that is different for each of its inputs. The jacobian of a functional module which is
simply the multiplication of the input by a matrix (a linear functional module), is the transpose of this matrix.

A loss function calculates one scalar value (for example the second norm squared which is a scalar). You want to back
propagate that loss. You want to see how this loss value is affected by the input of interest to the cost function module (th
y_hat is that input). So, you actually need the jacobian of the cost function with respect to y_hat. Then you multiply 1 (the
derivative of the cost function with respect to itself) with that jacobian and you get the gradient vector of the loss funeti that
you canfurther propagate.

For more details on various functional modules (activation and cost functions) and their jacobians see

https://aew61.github.io/blog/artificial_neural networks/1_background/1.b_activation_functions_and_derivatives.html

https://aew61.github.io/blog/artificial_neural_networks/1_background/1.c_loss_functions_and_derivatives.html

Notice that if you try to do this calculation for all m examples instead of just one and with respect to the parameters Werh

you have the derivative of a matrix with respect to a matrix (dZg/dWz2). The result of this action is a 4d jacobian matrix ik

of it as a collection of 3d matrices the same way a 3d matrix can be thought of as a collection of 2d matrices). Again,g®u s
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represent this matrix so that the dimensions are ok for multiplications.

I —
Backprop through a functional module L .
The derivative of the cost C with
respect to the vector zf (the activation
of the previous layer) is the derivative
of the cost with respect to zg (a vector)
multiplied by the derivative of zg with
respect with zf (a matrix). It is the

> Using chain rule for vector functions
2g:|dg x 1] zp: [dy x 1]
[ 9 clozg \
3 I ().Z]r._ U;‘_Ir _,I

1 x df) =1 x d] % [d, x dy] wg [attn) chain rule which in this case gives a vector matrix
» Jacobian matrix zr‘[ multiplication. The matrix is a jacobian matrix.If the g()

» Partial derivative of i-th output w.r.t. j-th input

function is a matrix multiplication, the typical weighted
Bz, (0z4): sum with the Weiqh_ts. thep the jacobian of th_at matrix is

(f)zf)j_  (Dzy); | \l the transpose version of it. So backpropagating

| ) ' - ¥ ¥ dededeldy || through a linear module just means multiplying

Have in mind: in general the boxed expression is only true if ¢ is| gradient with the transpose of the weight matrix

affected by zf only through zg.

ATECIed Dy 21 ONly HITOUgh 29.
Hl\
cn'clzg deld:

-
wi | fiw)

The derivative of the cost with respect
with the weights (the bias is included in
the weights) is a multiplication of the
same vector with a different jacobian
matrix. It is the jacobian of the same

Backprop through a functional module

P Using chain rule for vector functions

2g : [dg x 1] zp: [dy x 1] I/Ic\
- -_'I - ('J'f'l"-\ cfzg_ﬂ
zg

) = . matrix with respect to the other input
) l Oz ___ dzy | N dfzf C so the derivativesare with respect to
1 xdg] = __l_x d__,,]_; [dy < dy] wa [atzlwg)| | defwg _:;':f the weights and not with respect to the activations.
> Jacobian matrix zlt dcfdzll
» Partial derivative of i-th output w.r.t. j-th input - Il
wi | fewd) | | depnf

(o,:_.,) _ (@2): T -
Ozp /i  (921) X Y doidxdcidy



https://aew61.github.io/blog/artificial_neural_networks/1_background/1.b_activation_functions_and_derivatives.html
https://aew61.github.io/blog/artificial_neural_networks/1_background/1.c_loss_functions_and_derivatives.html

Backprop through a multi-stage graph Yiean

» Using chain rule for vector functions

c 1
de Jdc 03]‘-.;1 dc Of;,-(:k. ll‘A-)
By T 7 z = . c(z[Kl.y) dcidz
3 . o > o [K] dc/d
()'-k (),.L,l {)./‘ (),/,,1 ().;‘ ZIK]f i
P p ; 25 i v
dc 0c Oz Oc Ofp(z.wy) > | < |
P o ; = ; ] I | R e
owr  O0zpy1 Owy 0Zk+1 owy, 21l | dolzfke) §
> *dfk/dwlk]
wik] fk(z[k].wlk]) deiwlk] *dfk/dz[k]
» Two Jacobian matrices for the module: 2 F deldz[K] §
» One with respect to z[k] ittt ml M,M:;[',:',:f::_:j l
» One with respect to wk] ) ;
1
X y de/dx dc/dy

So with these two formulas you can do backprop.
Gradient, Jacobian, ....

» Dimensions:
y,y: [Mx1] w:[N x1]
9C(y.y)  0C(y,y) 9y
ow  dy  Ow
[1 x N]=[1x M]-[M x N]
» Row vector = row vector . matrix
dC(y,y)  0C(y.y) 0G(z,w)
ow 0y Jw
lxN]=[1xM-[MxN]
» Gradient = gradient . Jacobian

This typical first graph can be rewriten as the second
graph which describes what pytorch and tensorflow do
under the hood to achieve automatic differentiation
(automatically calculate the derivatives of the cost
function using backpropgation). 1 is justhe derivative
of the cost function with respect to itself. It is just how
the loop for backpropagtion starts. The * in the graph
means multiplication.

Misc
Backpropagation, gradient descent and global optimum

Backpropagation is a method for calculating the cost function. When you have the cost function you can minimize it with
respect to your parameters using gradient descent or any other optimization algorithm. Have in mind that the cost function of
a NN is anon-convex object so there is no guarantee that gradient based methods will reach to the global optimum. But

OOODPOEOET ¢I U OEAOBO 1 ESB
exist some theoreticd insights into this:
https://arxiv.org/pdf/1412.0233.pdf

https://arxiv.org/pdf/1406.2572.pdf
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The short story is that local minima arerare and they are all verysimilar to each other and the global minimum

AT 00O

Many local minima,

roughly equal quality

If the data set has indeed some structure then it tunrs out that the
I
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https://arxiv.org/pdf/1412.0233.pdf
https://arxiv.org/pdf/1406.2572.pdf

Learns structured data more quickly

descent steps

The higher the number of parameters the less of a problem are local minima. Because you might have a local minimum in one

Number of gradient

Notice though that if there is no structure ibn the data, for example
in the imagenet case if you change the labels to random words so
that for example each image of a lion hasdifferent label, then there
is really o structure to yoru data. Despite this, if the ANN is big
enough, it could memorize the entire datset and produce a good
error rate in the training set. The training though would be much
slower. If there is structure  the data, ANNSs learn faster.

parameter but the gradient based algorithm can overcome it by moving to the direction of the other dimension.

The non convex cost function in a NN has many saddle points, areas where the gradient is flat (not going up) in some

dimensions. But SGD can usually overcome these regions.

Backpropagation is really one instance of a more general technique called "reverse mode differentiation” to compute

derivatives of functions represented in some kind of directed graph form.

Model selection (hyper -parameter tuning)

Hyperparameters: these are parameters that are not being updated by the model (the optimization process on the model). You

have to set them and they will be the same during the optimization procedsor example in the case of NNs,

1 the number of hidden layers

the number of neurons in each layer
the learning rate a

the momentum

the activation function

minibatch size

num of epochs

dropout

=A =4 =4 4 -4 A -4

ANNSs as space transformations

Block Diagram of a Traditional Neural Net

» linear blocks 81{—{—1 — ((UA'ZIJ

» Non-linear blocks ZA — h, ( S k )

ANNSs are actually a sequence of linear and non
linear blocks. Or linear and nonlinear
transformations of the input space. Or in Alfredo
terms, a sequence of space rotations and
twisting. All these transformations are done with
the goal of ending up with aspace where the
data are linearly separable. You want it to be
linearly separable because they can be classifie
by a linear classifier that a single output unit
actually is. For example, in a two class
classification you only need one output unit (1
or 0). For more classes each output neuron is
still a linear classifier for its class.
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work because you want to know the state of a layer to calculate the state of the previous one).

Mean normalization to data

First you apply mean normalization to the data. The intuition of why: the data are high dimensional vectors (or points if you

1 EEAQ8 4EAU AAiTT1c¢c O A OAOU EECE AEI AT OETT Al ODbAAAS8ese AOGO
two classes will be very close together, concentrated in a very small region somewhere on the space. The reason for thigis th
the statistics of these two datasets are extremely similar within a high dimensional space. Cats and dogs are extremely amil
objects.You want to zoom on this data cloud to be able to apply decision boundaries ontd zoom on the data cloud you have

to move it to the origin. To do so, must find the mean of this point cloud and subtract it from every data point. This willrig

OEA A1 T OA AOI OT A m8 4EAT UI O xAl O Ol odd6d ywhdviddeadd pofni wih tied O
standard deviation of the cloud. This way, two different datasets with similar distribution but different scales, same cloubsit

one is larger, (one dataset with points with values around 10k and another dataset with values around 0.1) they all become
values around 1. These two steps can zoom any dataset in the origin. Then you start the space transformations to make the
data pants linearly separable. If you do this mean normalization in a 2d space and your data are around 0 with standard
deviation of 1, then the radius of this data cloud would be 3, because in a normal distribution 99% of the data is within 3
standard deviations around the mean.

Rotating data

Whenever you apply a matrix to a vector (matrix vector multiplication) you apply a linear transformation to that vector. In

ANNSs (in high dimensional space) we have an affine transformation (linear transformation + translation (translation comes
fromthebEAO ) COAOOQQs 4EEO OOAT O&I OI AGET 180 1 AET ATiPITAT O EC
Reflection too (negative scalar is reflection right?). Shear component is small. (If the output layer has fewer units thaa th

input layer, data is rotated and squeezed into a space of fewer dimensions t00).

Squeezing data

Alfredo refers to this step as Squashing. How sigmoid or relu twists space? The sigmoid function has a squashing effect.
Whatever value x takes, the sigmoid of x is always between 0 and 1. So it squashes (squeezes) the input data. But not tgvistin
it. how? This is how: each vector (meaning each input which can also be represented as a point) passes through a function
(which is nonlinear). So it will be moved to some other place after that action. A different vector passing through the same
nonlinear function will also be moved but differently. Each vector is moved differently. So the combination of all movements is
actually a non linear transformation of the underlying space, and because the points are moved differently (non linearly)
shows that the space isctually twisted so for example two points that are far away in a specific region of the initial space, end
up close together. And in another region of the initial space, points that are far away end up more far away etc. the space i
twisted.

A NN transforms the space in such a way so that the dataset represented in the resulting spagh@fecond to last layer, is

linearly separable Because the last layer is a collection of perceptrons (performing only a weighted sum which is a linear
operation), which are linear classifiers.

In classification we must first expand the input space to
higher dimensions so that the data cloud is separated from
the small region of the input space that it usually lies.
Therefore the first hidden layer is always larger than the input layer. In this larger space where tliata are more separated
with each other the optimization algorithms can work better, transforming the space in a way that the data becomes linearly
separable. Then we shrink the space back to the dimensions we want.

The Spiral example



Visualizing neural networks under the hood Here we see

the original
space. We pass
OAl 106 b

our model and
get the color it
predicts for
each oneThis
is how we see
this contoured
result.

1 The second hidden layer which adds one more linear transformation from 100d back to the 2d space, is only added to make
it possible to visualize in a 2d space, the result of the transformations made by the first hidden layEssentially it allows us
to _make linear interpolation between the position of a point in the input space and its corresponding position in the
transformed space. This way | can visualize how the point moved during the transformation
1 Notice that when we use ReLU for the first hidden layer the decision boundaries out of the data domain are linear. This is no
extrapolation, it is just linear expansion of the boundaries. Extrapolation would be to continue the spiral shape outwards. |
we used a sinusoidal activation function they would be kind of sinusoidal and would contain some short of periodicity.

1 Here we see thetransformed space. The weighted sum of eac
output neuron, is actually a plane function (2d plane in this case
Up EAO E xpp@pCxpc@cCApQs ) £
nodes then we will get a 2d plane for example the yellow plane
Here we show the planes for each output neuron (actually
something like the union of the planes). It is not a union. we jus
show the maximum weighted sum for every possible input, colore(
according to which output neuron it occurs. If the maximum
weighted sum for a giveninput is the first output neuron (say the
red) then we mark that output with red color. The red place is al
inputs where the max weighted sum is in the red neuron.

1 When we then pass the weighted sum through softmax we get th
smoothed surfaces from 0 to 1.

1 For a given x we get the output neuron with the max softmax valug

Pytorch 5 basic steps



learning_rate = 1e-3
lambda_12 = 1e-5

# nn package to create our Linear model
# each Linear module has a weight and bias
model = nn.Sequential(

nn.Linear(D, H),

nn.Linear(H, C)

model.to(device) #Convert to CUDA

# nn package also has different Lass functions.

# we use cross entropy loss for our classification task
criterion = torch.nn.CrossEntropyloss()

# we use the optim package to apply

# stochastic gradient descent for our parameter updates

# Training
for t in range(leee):

l-
D >

# Feed forward to get the logits
y_pred = model(X)

# Compute the Loss and accuracy

loss = criterion(y pred, y)

score, predicted = torch.max(y_pred, 1)

acc = (y == predicted).sum().float() / len(y)

print("[EPOCH]: X¥i, [LOS5]: #.6f, [ACCURACY]: %.3f" ¥ (t, loss.item(), acc))
display.clear_output(wait=True)

# zero the gradients before running

# the backward pass.
optimizer.zero_grad()

3—1’
4 —

5=

# Backward pass to compute the gradient
# of Loss w.r.t our Learnable params.
loss.backward()

# Update params
optimizer.step()

optimizer = torch.optim.SGD(model.parameters(), lr=learning_rate, weight_decay=lambda_12) # built-in (2

Training for classification in Pytorch is
composed of 5 basic steps:
1. Get the prediction with a Forward

pass

2. Calculate the prediction loss

Make the gradients O

4. Calculate the gradients with respect
to the parameters

5. Move to the direction of maximum
loss decrease (opposite of the
direction of the gradient of the cost
function)

w

In pytorch gradients are accumulated. This is
convenient for various reasons for
complicated architectures. The backwards()
function accumulates the gradients. In this
AAOGAR xA AT 180 xAT O (
optimization step (each epoch) we make the
gradients 0 before accumulating.

crossEntropyLoss() is the negative
logsoftmax

optim.SGD (stochastic gradient descent)
optim.Adam (a similar optimization algo)

Architecture

7A Al OAAAU AAT 0O OEA 1

Y. LeCun

Basic Modules

Y=WX ; dC/dX =W" dC/dY ; dC/dW = X dC/dY

y = RelU(x) ; if (x<0) dC/dx = 0 else dC/dx = dC/dy
Y1=X,Y2=X ; dC/dX = dC/dY1 + dC/dY2

Y=X1+X2 ; dC/dXl=dC/dY ; dC/dX2 = dC/dY

y = max(x1,x2) ; if (x1>x2) dC/dx1 = dC/dy else dC/dx1=0

Yi = Xi - log[¥; exp(X))] ; ....27?
A directea a g O 0 prop

» As long as there exist a partial order on the
modules

» If the graph has loops, we need to “unroll”

them. AR

» Recurrent networks and backprop through
time
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O
>
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Basic modules with their jacobians




Activation functions
Nonlinear activation functions

M Point wise nonlinearities

They transform nonlinearly one point to another. The weighted sum to the output of the activation function. A single

value to a single value. For exampl&®eLU, sigmoid etc.

1 Vector to vector nonlinearities

They transform nonlinearly the entire vector to another one. A function is applied to all weighted sums and changes
each value of the vector but in a way that is related with the changes to the other values of the vector. It is applied to
the vector as a viole and outputs a new vector of the same sizEor example softmax .

U Point wise nonlinearities
RelLUs

ReLU (rectified linear unit) is called the positive part function in math. )"+ in latex. It turned out that using ReLU makéhe

training process much more efficient.

RReLU — nn.RReLU ()

T ifz >0
ar otherwise

RReLU(z) = {

| | '
ReLl Leaky ReLU/PReLl Randomized Leaky ReLl

Figure 1: ReLU, Leaky ReLU, PReLU and RReLU.
For PReLU, a; is learned and for Leaky ReLU a; is
fixed. For RReLU, a;; is a random variable keeps sam-
pling in a given range, and remains fixed in testing.

The important thing (for any activation function)
EOBS O OEAO EO EAO 111U
equivariant (equivariant scale). If the input
increases by two, the output increases by two or
not at all. This somehow helps in deep networks.
Theoretically not exactly understood yet why.

Any flat region of a nonlinearity in a ANN is a
POl Al Ai  AAAAOOA Uil O AAI]
OEOI OCE EO8 Ul O AEAT CA
change §aturation) . The gradient is 0. So you
need to either avoid these regions or not have
them. This is why there are variations of ReLU
with small slope in the negative part, like leaky
2A, 58 j4EA080O0 POI AAAT U
that good in deep nets. Because some nodes in
some layer will go to very large values which
means that they will be n the flat region and no
gradient could be propagated through them)

Softplus

Due to the ReLU function, any region of the
input space undergoes a different linear
transformation. Or, for the case of the decision
boundaries, they are made of piecewise linear
segments. They look smooth because these
segments are tiny, and this is diret
consequence of going through a 100
dimensional hidden representation.




Sigmoid

Go to function to use if you want to make a decision between a or b, for example, if you want to activate a part of the nekwo
or not, a sigmoid is a good function to use to compute the coefficient that activates/deactivates (in a differentially manper

Tanh
Softshrink

Used in sparse coding

Logsigmoid

General tip

$1180 OOARTOITEA AAOEOAOGEIT &A£O01 ACETT O AAAAOOA Ox1 AEEEAOAT C

gradient descent. (It can lead to increase in the number of local minima or it can introduce saddle points)

U Vector to vector non -linearities

Softmax
and softmin
nn.Softmax() They should have been called argsoftmax
Applies the Softmax function to an n-dimensional input Tensor rescaling them so that the elements of the n-dimensional output and argSOftmln Arg max get the maleum
Tensor lie in the range [0,1] and sum to 1. value of a vector and makes all other value§
Softmax is defined as: T 8 I O (; O I 'CEO I A @ A I A O I f
() they go to 0 smoothly, so the second larges
Softmax(z;) = % would be non zero etc. they are all summed
’ ’ up to 1. So softmax can turn the arbitrary
scores output from a layer to a probability
distribution of discrete variable.
Softmax(x + ¢) = softmax(x)
y £ UT O AAA OEA OAT A AT T O0AT O O Al1l AT AT AT 60 T &l aBA ABI BOAC

care about the amplitudes of the data it only cares about their relative size differenc€&his is very useful.
Softmax(b*x)

"U OAOUET ¢ OEA OAAIT AO Ah Ui 6 OAOU OEA OiiT1 OET AGO 1T moOEA Ol
then it is not smooth at all. Essentially the biggest value will be 1 and all others 0 or so.

Just have in mind:
The argmax function is the derivative of the max

The softargmax is thederivative of the argmax.

Important



Nomenclature and PyTorch

softplaxB[[?(g/, z)] =

B

zZ€Z

softming[E(y, 2)] = —= log

B I\
—,soft{naxﬁ[—/'f(f/’ 9]

z€Z

B

Cost functions
logsoftmax

The most used cost function for classification problems

|
1 . 1
— log Z exp|BE(y, z)] — 3 log N,
= % torch. logsumexp (BE(y, z

zexp[ BE(y, z)]

In pytorch the names of the functions
are wrong as of 2021!

torch.softmax
in reality it is the softargmax

) dim=2) I | the actual softmax is:

g 1/b*torch.logsumexp(b*E)
The actual softmin is:
-actual_softmax{E)

nn.LogSoftmax()

LogSoftmax(z;) = log (Lex:x(;(li ))

(= Wp“) 7@% J‘mﬁ)ﬁ

Bl ?,;oyrm-)( . \

-log(x)

In classification problems, after the softmax of the last layer
there is a very important module. The cost function module.
Or loss function. There arerarious ways to calculate a cost

function for your problem. One way is the square error (the
sum of the squares of the difference between the predicted
output and the correct output). Another way is the negative
logarithm of the predicted value of the corect class-log(yc).

The-log(x) function is 0 if x=1 and infinity if x=0. So if the
output of the correct class is close to 1 the error calculated
this way would be close to 0 and vice versa. And since the
output values of the units are competitive (softmax), it
means that ifwe increase the correct one the others must be
decreased So the cost function (the objective function) is
to minimize the negative logarithm of the logsoftmax
function of the correct class . (or in other words, the
negative log likelyhood of the correct ass)

In general,you should calculate the logsoftmax in one go
and not first the softmax values and then the log of it. the
reason is to avoid numerical issues in the computations,
issues that arise due to large numbers (for example log(0)=
infinity). Pytorch does a trick in logsoftmax code, to avoid
those numericalproblems. Soyou actually use the
logsoftmax at the last layer directly instead of the

softmax . You compute the cost directly without computing
the predicted values. You only need them to calculathe
loss after all.




i | Logsoftmax is a special case of cross
CE — ANl s C Yros SEnt rOPYLO SS ( ) entropy error category.
The loss can be described as: Have in mind this intuition about the
loss produced by the logsoftmax. The

loss(z, class) = — log (exp(zldass]))

> exp(ali]) | —z[class] + log (Z exp(:r[j])) ratio of logs equals the difference of

these logs. The log with the exponential
cancels out so you are left with the right
part of the equation as shown in the
picture (first row). This says that to
minimize this expression you must
increase the weighted sum of the

7 »
or in the case of the weight argument being specified:

loss(z, class) = weight|class| (—z[class[ + log (Z exp(:c{j])))

J

The losses are averaged across observations for each minibatch. correct class (the X[C|aSS]) and decrease
Can also be used for higher dimension inputs, such as 2D images, by providing an input of size the sum of the exponentials of the other
(minibatch, C,d,, ds, ..., dx) with K > 1, where K is the number of dimensions, and a target of appropriate shape | weighted sums (the log partition

(see below), function) including the correct one.

This ends up in increasing the correct weighted sum and decreasing the others.

We know the cost vector. To start the back propagation loop, we can calculate the

0s, 0s,  0ss gradient of the cost with respect to itself (c/dc which is 1). (But if itis 1 how the .

321 gZz gzn i ACT EOOCAA 1T &£ AT 00 OAI OA AEEAAOO OEA CcO
o rornn % 622 622 only care about the gradient of the cost function w.r.t the parameters. The value of thg
softmax 1 2 n

T g TR cost itself is not indicative for anything, for example the minimum value can be very
Os, 0Os,  0Osy large.) Then we want to back propagate this first gradient through the cost modell

9z, 0z, 9z, The cost module is a function. The logsoftmax in this case. So we need to calculate tl
jacobian of the logsfotmax function (how each input affects each output). Then we cal
multiply the cost gradient value with respect to itself with the jacobian of tk
logsoftmax to get the gradient of the cost with respect to the input to the cost function

As | understand it, using softmax (and so logsoftmax as the cost function) there is one gradient propagated back for each
example. While in the mean square error for example, each output neuron contributes a distinct gradient and their
contributions are added. Is this correct™No. all cost functions output a scalar value which is the total cost of the current input.
In order to find the gradient vector to back propagate in the other modules, you need the jacobian of the cost function with
which you multiply by 1. If the input to the cost function is a vector and the output a scalar, the jacobian is a veckdultiplied
by a scalar gives the gradient vector.

2%y Backpropagation through a softmaxFinding this jacobian
s g C . is a good exercise.
Res ; i L"“\//\ for Py
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nn.CrossEntropy Loss()
CrossEntropyLoss is mainly used for multclassclassification

it takes a Y which is not one hot encoded (the first label would be Y=[0], the second label Y=[1] etc.)



it takes a y_pred which contains the logits (not the softmax of them because crossentropy loss calculates the softmax and the
the negative log of it internally)

nn.BCELoss()
mainly used for binary classification

have in mind the binary cross entropy loss for binary classification problems (two classes 0 or 1)

bceloss vs crossentropyloss

When CrossEntropyLoss is used for binary classification, it expects 2 output features. Eg. logit&=d4, 3.45], Argmax(logits)
K class 1

When BCEloss is used for binary classification, it expects 1 output feature. Eg 1. logit®d4]<0 Kk class 0; Eg 2. logits=[3.45]
>0k class 1

For CrossEntropyLoss, softmax is a more suitable method for getting probability output. However, for binary classification
when there are only 2 values, the output from softmax is always going to be something like [0.1%, 99.9%] or [99.9%, 0.1%]
based on is formula. Eg. softmax{2,34, 3,45])=[0.3%, 99.7%]. It does not represent meaningful probabilitySo softmax is
only suitable for multi-class classification.

.Linear(input_size, hidden_size)
relu = nn.ReLU()
Lf.linear2 - nn.Linear(hidden_size, 1)

f forward(self, x):
out inearl(x)
out elu(out)
out - self.linear2(out)

y_pred = torch.sigmoid(out)
y_pred

model - NeuralNet1(
N criterion - nn.BCELoss()

nn.NLLLoss
Negative loss likelihood

The crossentropy loss and the (negative) loglikelihood are the same in the followingsensey £ UT & ABBI U 0UOI O,
CrossEntropyLoss to your output layerJT & CAO OEA OAI A OAOGOI O A QogPobriak layEriadtiedo U OT O
after your original output layer.



Mean square error

It is good for regression problemg(continuous output instead of discrete output like classification). You might see it as

1/n*|| y zy||? (the L2 norm) instead of sum of individual differences. (The L1 norm is the sum of the absolute values of the
difference instead of the squares of the difference.). the L2 norm is the Euclidean distance of the vector. We need to sqtiare
so that the valie shows the mean square error and not the square root of the mean square error.

NLL (Negative logarithm likelihood) loss

Logsoftmax is a special case of this category. If the output has come out of a softmax, then this method is actually the
logsoftmax.

Adaptivelogsoftmax

It used in cases in which you havextremely large number of classification categoriesFor example, in language models where
you have to predict the next possible word and the ANN gives a probability to all words of the vocabulary. This method is
actually neglecting the low probability classes.

marginRankingloss

You ensure that the correctly predicted output will have at least a margin (distance) with the next most probable one.



Multiplicative modules (attention)

» Quadratic layer, product units, Sigma-Pi units

» Attention module

Zj

e
g = E WiLij Wj= =0
»Z ke
Z B

Multiplicative Modules b

S; = E w;;x; with : w;; = E Uijk2k 3 equiv : §; = E Uik 2RET;
J k gk

In these modules the weights w are the result of
another ANN with weights u. This way, z can
activate or deactivate certain parts of the Wx
network. Specific z can make some weights 0
and others 1, essentially deactivating/activating
parts of the network. This effect was named
attention which is probably a bad name. The
reason is that z makes the system to pay
attention in some parts of its network and
ignore others.

It is called quadratic becomes you end up
multiplying z and x to calculate s, so if x and z ar
the same thing you get a quadratic formula (a
square).

This module is used a lot and caimplement switches.

Soft switch

Assume that the system is fed with one common input, z=x1=x2. The u module is a softmax. In the simple case where w1l and

w2 are scalar values and not matrices, softmax receives an input vector of 2 dimensions (2 values) and outputs 2 values

between 0 and 1which sum up to 1. These two values are the weights of the subsequent modules, wl and w2. If it produces 1

and 0 then it selects the first part of the network and deactivates the other completely. If softmax gives intermediate vadue
then you get a linearcombination of the two networks. So it is a soft switch between the two networkdlotice that softmax
learnsto decide to which part of the system to forward a certain inputOr in other words learn to decide to which part of the

input space each subsequent network is an expert to. This mechanism is used to build mixture of experts systems. The large

google language model with billions of parameters is such an implementation.

Mixture of Experts

» Attention module “Switches” expert networks

‘.1'2; Expert2 )

e~
S; = E W;kq W; = =
52k

; Dke

The Gater learns to decide to which part of the space ead
expert is an expert on

Assume you build a speech recognition system. It should
be able to process more than one languages that are
similar to each other. A new sound is received. Each
expert can process one language. Gater decides to whicl
language the sound belongs and forwardi to the
corresponding expert.

y £ UT O OEIi PI EAU EO ET ¢ AH
separable. But you can eventually do this nonlinear
classification with 3 linear classifiers in parallel one of
which decides which expert to use. See the picture.

This is a module in pytorch. You can just add it. it does
automatic differentiation to compute the gradients and
perform backpropagation.

Notice that softmax in this case outputs a 2d vector while
the weight matrices are scalars. In the general case you

would have higher dimensions. And you get a product of
x1 (and x2 etc.) with a slice of the softmax output (a slice
of this tensor)

Some notes
1 Asingle layer ANN is a linear classifier

1T 4EA OAOCo6 DOAEE@® EIT CA
using the value we use the index of the value.




Backpropagating through an addition operatioris
copying the gradient to all inputs of the addition

operation. It is as if all weights of the addition operator
are 1.

Hard switch

91 6 AAI
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Y. LeCun
Parameter transformations

» When the parameter vector is the output of a function
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A generic case where the weights of the G(x,w)
module are themselves a function H(u) of another
input u. you minimize the cost by tuning u. this tunes
indirectly the weights w. (these network are also
called hypernetworks)

The second picture, is a special case of this
architecture where H(u) is just a copy. The parameter
u (assume it is scalar here) is copied multiple times
and creates a w vector whose values are all u.

Backpropagating through a module that copies its
inputj 1 AGBO OAU EOO OAAI AO
value of the vector is a copy of the input, is adding the
gradients of all copies.

And vice versapack propagation through a module
that adds, is copying the gradient to all components of
the addition.

This architecture is used a lot, and it is the basis for a
technique called shared weights, used in
convolutional nets where you want to identify motifs
in any position of the input (motif in an image, in a
timeseries etc.). You copy the same module in all
positions of the input. The weights of the copied
module are w.

You can map this to the previous simple example
where the scalar parameter u is copied to create the

1 ETAAO EI



vector w and the gradient of u is the sum of the w
gradients. Here the W matrix is the u parameter,
which is copied multiple times to form a higher order
matrix with its copies. Then the gradient of w is the
O00i 1T &£ OEA COAAEAT OO0 1T &
So this way you can copy (or slide) a module to the
whole input and train the weights of this basis module

by adding the gradients of all positions of the module
Essentially you can think of it as a big module

assembled by a basis module and the weights of this
basis module (of this region of the assembled module
are shared (copied) with other regions of the
assembled module. The parameters that need to be
tuned in this case are the weights w of the submodule
that assembles the big module.

During inference you just have to slide the component over the input. During trainind@ackpropagating through a max

» Detecting motifs anywhere on an input

AMAAAAAAAAAAAAA

functionD OT PACAOAO COAAEAT O 111U O OEA [ AgeEi O AT iIDITAT 08 4EA
output. So, during training a system with shared weights with a max fnction only changes the parameters of the component
that has the maximumi OODPOO8 4EA COAAEAT OO T £ OEA 1T OEAO 11T AOI AOG AOA n

gradients that calculates the totaparameters gradient. But if the operation is a softmax then the other components gradient
contributes to the total gradient.

The gradients are summed (or accumulated). This is the reason why PyTorch accumulates gradients by default. To make it
easy to work with this very common architecture used in convolutional and recurrent artificial neural networks

RNNs
In a nutshell

The delay module acts as a memory. It stores the
: A current produced state z(t), to reuse it as input to the g
Enc('r(.f')) - ' TR modu_le in the_ nex_t stgp. Z_is a reCl_Jrsive f_unction (it
b f] ' i calls itself). Time is discretized. This architecture
Y ' allows the NN to have a memory. It isseful for
R g . N —= » processing sequences. Both time or spatial sequences
MR Engiey)) = ) The input is a sequence, x(0), x(1), x(2) etc. Itis a cycli
2(t) = g(RENE (: B 1)_7,,)-,\, graph, but the trick is thatit is unfolded in time so it
| -3 becomes acyclic. The z(t) state goes to the g function ¢
y(t) = Declz(t)) . the next step not of the same step. The encoder and
. decoder have trained parameters too that are also
shared across time.

Notice that the parameters of g are the same across
timesteps. So, we can think of it as a module that it is
copied across the input. This means thaturing
training we can sum the gradients of each timestep
to calculate the total gradient w.r.t the parameters w
of the g function. So, you get the first input of the
sequence x(0), lets say a word, and the RNN outputs a
y(0). You get a cost gradient that is backpropagated
through G to get the gradient with respect to w. You
accumulate that gadient. Then thenext input comes.
You have a new output and a new cost and a new
You must think of this unfolded across time acyclic neural gradient. You backpropagate it and add it to the
network of the picture as the real network you train.This previous. And so on, until the whole sequence is
unfolded network is the RNN The larger the sequence, the larger| processed. The gradient with respect to w is the total
the number of copies of the basic module, and the larger the tota| sum of gradients. This is one epochHEn you continue
RNN is. to the next epoch with a new sequence and so on.

Enc(x(0))




Another way to think of an RNN is as a multilayer NN
The hidden state z is a representation of the previous inputs. z(1] where the state z is the output of each layer. Every
is a representation of inputs x(0) and x(1) and it will affect both | layer is the same. And a new input is added to each
the next hidden state and the output of the rnn (the y). Il AUAOGO 1006p0OO0S

Traditionally it was very difficult to train large vanilla RNNs(where the G module is a sigmoid and a linear modul&RUs and
LSTMs solve short memory caused by vanishing gradients), because of exploding or vanishing gradient/state. In typical ANNs
the problem is significant when you have many layers. In RNNs the problem appears when you have many sequence steps
(when you want to train it with large sequences). A state z(1) is the output of the module g. Forget for a moment the input x. If
g is a linear malule that transforms z by scaling it, then the state z will explode as you go. The same with the gradient (the
transpose of a diagonal matrix is the same diagonal matrix). Sbe state z and the gradient of z are the components facing the
explosion/vanishing problem. Me: When you have this problem, then essentially the network is trained only by some part of
the input space (of the input sequence). For example, in the vanishing gradient case, the first parts of the sequence amégn
since the gradient here is close to 0. So there is no point on having large vanilla RNNs.

o1 02 03 04 05 Plain vanilla RNNs have short memory due to the vanishing gradients
] ] ] ] l problem. In this exan]ple where we see the state colored, the effect qf the
x] OA OxEAO6 COAAOATT U EAAAO jEOBO
. — ‘ — ‘ — ‘ — ' issue is taclgled yvith LSTMs and GRUs (a~s aG quukéﬁhough vanilla~
I | I l l 2..0 AAT OOEI 1 AA OOAAEOI EE UI O A
) faster to train (less tensor operations).
What time ?
RNN LST™M GRU
? C}D
I > iR } Tank)
Lok o

Ways to tackle exploding/vanishing state/gradient in RNNs (in general)

RNN tricks A way to tackle exploding gradients is to use a sigmoid like
TTT1 ETAAOEOU ET '8 AOO OEA

[Pascanu, Mikolov, Bengio, ICML 2013; Bengio, Boulanger & Pascanu, ICASSP 2013] gradientsl

Clipping gradients (avoid exploding gradients)

Leaky integration (propagate long-term dependencies)
Momentum (cheap 2nd order)

Initialization (start in right ballpark avoids exploding/vanishing)
Sparse Gradients (symmetry breaking)

Gradient propagation regularizer (avoid vanishing gradient)
LSTM self-loops (avoid vanishing gradient)

VVVVVYYVYYVY YV

Some details on the reasons of vanishing gradients in vanilla RNNs
How stable state is memory

The state is the thing that remains from the previous processing and affects the current processing. Imagine that the state

AT AOT 6060 AEAT CA AEOAO OEA OEEOA AT i BPITATO 1T &£ OEA OANOAY AAS
this state which is the result of the first 3 components of the sequence. Essentially the system stores a representation of the
effect of the first 3 components and use it to affect the processing of the current component.ifsm component of the sequence




needs to take into account something that happened a long time ago in the sequence, it can do it if the state could remain
stable between the time of interest and nowThe system can learn to do this.

Stable state means vanishing gradients

30AAT A OOAOA OEIT OGCEh 1T AAT O OATEOEET C COAAEAT 008 "AAAOOA E=A
Which means the gradient is 0. This was published in a paper by Bengio in mid 90s and was thought to be the main reason you
AAIOGDB 2. . 08 "AAAOOA EZ Ui O EAA T AITOU j OOAAI A OOAOAQ Ui O
was wrong. It was shown that you can have memory without a stable statd@he concept is that instead of the state being

stable, it istransformed linearly for example rotating it (the state vector).If you know these rotations, you can rotate it back
with the opposite angles and get the state of a few steps batkthis what GRU and LSTM G modules do?

How you keep the state stable

A memory module
This is how a memory module is implemented in some electronic systems. It is
implemented similarly in RNNs. Its goal is to keep the state stable.

— A

Assume we start with x(0)=0 and sO=1. The w is a scalar parameter. It is multiplied by
s0 to give z0=w. -w passes through the sigmoid and gives outpufl. If you are in the
flat part of the sigmoid then no matter the perturbations of x, the sO remains able at-
1. If it receives a large positive x and will go to +1 and will stay there if the
perturbations of x keep the sum in the flat region of the sigmoid. If the s0 is between O

)‘(t\ov, el and +1 it will move quickly to +1. If it is between1 and 0 it will move quickly to -1. So-
N\""\ ge— 1 and +1 are the state attractors. It is a bistable system where it can settle in one of tw
states.

You can think of a simple RNN as a sequence of modules
like this where the G module is a sigmoid and a linear
module . In this system, as we said, the state is bistable, and
Ur 6 EAOGA OEA OATEOEET C COAA

Some types of G(x,z,w) modules

1. GRU

2. LSTM
"00 Ei x OEAOA 11 AOI AO OAAEI A OEA OATEOEEI CTA@PI 1 AET C OOAOA
vanilla RNN for creating a stable state. So, the state is not stable when you use these modules. This solves the vanishing
gradients pOT AT Ai 8 " OO0 Ei x OEAU EAOGA 111¢c i1 AiToOue 910 AAT O1T 1 AEI

get the state at that point and use it? Maybe their internal structure allows them to learn to do this.

The main point in these modules is thathey remember by default(by default the state remains intact) and they have NNs that
learn to slightly modify the state when needed. These NNs act as gates. (So they are actually a version of the neural D).
learn what information of the state to retain and what information from the observation to use to update the statdhey do

this with the use of sigmoids where output close to 0 means forget and close to 1 keep. This way they can learn to remember
important observations that happened long ago in the sequendgtps://www.youtube.com/watch?v=8HyCNIVRbSU

Neural ODE (just have in mind)


https://www.youtube.com/watch?v=8HyCNIVRbSU

» Differentialiequation ’ “ T3 - Neural ordinary differential equation. Another
> Time discretization : e ; version of a RNN. It is used when you want to
» The network updates’ fate. - . . . predict phenomena that obey differential equations

| E.nc:('-r(t))

(physics, video games, timeseries prediction etc.).
For example the orbit of a throwing ball. The input
data arethe past position and momentum, and you
] . { want to predict the new position and momentum.

h.(t) = Enc(x.(f)) , ;

2(t) = z(t = 0t) -RGLAL

y(t) =ec(z(t)) N
So, in these cases, the z function (the state of the RNN) is an equation that describes this natural phenomenon, the equation
position and speed and the g function is its time derivative (it shows how z changes with time). So the difference with the
standard RNN is that now the function g is the derivative of z with respect to time instead of being simply z. so the modul th
gets h and produces z, instead of computing a new z(t) in every step as before, it updates the old z-1(p(tvith the g function.

x is the observation. Z is the state of the system you are observing (position and momentum). Y is a prediction. So, you want
your system to learn the differential equation that describes this phenomenon by observing a sequence of x (or and y)

GRU
Y. LeCun 7 [ - z = A = A
GRU (Gated Recurrent Units) 001 I OAA ET c¢mpt8 ) 060
» Recurrent nets quickly “forget” their state In this picture the notation is different. H(t) is z(t)
» Solution: explicit memory cells yit) and z(t) is something internal to the G modulé3
» GRU [Cho arXiv:1406.1078] EO OEA OATE8 4EA OUI Al
. hit-1] > x - nit1 | term by term multiplication here.
T input vector ] “ f‘ ,r
Z’ ::;Zl:: ;Z:::ector ol z hltl It has a way to reset (fo_rqgt the past)If z(t) is O
A — then the previous state is ignored, and the output
W U and b: parameter ma is only the part that is added to the 0 (the tanh
, P
part). All these parameters that make z, rand h
z = 0g(Weae + Uzhey +b2) = are learned. So, it will learn when to reset and
Ty = 0g(Wrze + Urhi—1 + br) when to use the previous state. Or in othewords
ht =z @ hi-1 + (1 — 2t) © dn(What + Un(re © he-1) + bn) when to forget and when to remember.

This is an elementary module that exists in PyTorch.

LSTM

Proposed in 1997, forgotten and
came back at early 2010s. in 2014
h multi layer LSTMs used for
translation with very good results.
Eventually replaced by
transformers for this task.

LSTM (Long Short-Term Memory)

» Recurrent nets quickly “forget” their state
» Solution: explicit memory cells o
» LSTM [Hochreiter & Schmidhuber 97]

z, € R?: input vector to the LSTM unit

fi € R": forget gate's activation vector

The main idea is that it too

i, € R": input/update gate's activation vector h

o, € R": output gate's activation vector remembers by default and ou

h;, € R": hidden state vector also known as output X have_ NNs that learn to slightl

¢ € R": cell state vector modify the state when needed. |t
=o,(Wszy +Urh b - Layer  Pointwize op  Copy also has a way to reset (forget the

i =0os(Wyz: +Urhe-1 +b5) | @gend: : -

4 = Ug(VVi(lIg +Uiht 1 + b,) *
— Guillaume Chevalier https://commons.wikimedia.org/w/index.php?curid=71836793

o = og(Wote + .U"h‘ -1 +bo) The LSTM has two states. Apart

et = froc1 +i¢ 0 o (Weae + Uche—1 + be) from the hidden state h it has a cell

hi = ot o on(ct) state too.




eiod h i3

Long Short Term Memory (LSTM) Gated Recurrent Units (GRU)
sigmoid pointwise pointwise vector
multiplication addition concatenation

Sequential autoregressive generation of text using multi layer LSTM.

The 20d stage LSTM computes an abstract

representation of the sequence. Paper of 2014

had 4 layers of LSTM to reach the final

; representation of the sequence. If you train it

> Multi-layer LSTM: ; ‘ 4 : correctly then this representation will

5 represent the entire sequence in an

, . ' . appropriate way. In this casethe highest
—»G(hzw) .—>s<mw> —»ému 7 \ 3 representation of the input sequence

1 : { represents the meaning of the sentence
y A independently of language .
—G (X, W) ) G(X,2,W) G(x z w) !

You feed this to another multi layer LSTM. It takes a null marker as the first observation, it goes through multiple layersiaat
the end it produces an output y which is a word in another language (a probability distribution over the words of a language,

but you pick one word). Then this produced word, becomes the observation for the next time step. It is fed as input to

OAAAT AAOS6 1 01 6E 1 AUAO ,34- AT A O 118 4EEO OUOOAI EAA Ol EC
translation systems based on statistical models. But it was a huge network that required a lot of gpus. So, the next evolution,
which are smaller systems easier to train, was transformers which are systems that use attention.

» Sequence encodel
». Applications: B
> Translation [Sutskevel

Examining the word embeddings

PCA analysis on the word embeddings (the axes are the tw
principal components of the embending)




King-man+woman=queen

between man and woman.

Distance between king and queen is same with that

Transformers

Male-Female Verb tense Country-Capital

Instead of producing a single representation for
the whole sequence as multi layer Istms do, the
decoder part of the system, pays attention only to
some part of the input sequence in order to
produce its output y. this is very useful since it
allows you toavoid the multi layer encoding part
of the system that produces this compact
representation. This attention mechanism might
be very useful in translation because in some
languages the word order is different. So an
output word might need to pay attentionto a
different part of the input sequence.

In a nutshell the attention module is a softmax
which decides to which parts of the input
sequence to switch to (mixture of experts
approach).

1l ZEOAAT 60 1 AA

You can apply RNNs to multi dimensional input (x sequence, y sequence, z sequence)

RNN applications

{z[t]} — G[T] seq+> vec

i

) S g Y ) .
¥ ¥ ¥

SROES

{z[t]} = h = {9[t]}
seq —» vec > seq

Inference in RNN

z[l] — {1/[1‘]} \';c > seq

O Qi) €

{=[t]} = {9[t]}

seq — seq

1. Vector to sequence of vectors
description)

2. Sequence to vector (Sentiment analysis)

3. Sequence to vector to sequence (used to be used f
translation)

4. Sequence to sequence

(image t




9[t]/9(T)

hlt] = ;/(Wh[

Backpropagation through time

In practice
Batch-ification

abcdefghijklmnopgrstuvwxyz
g

Get batch (1)

h:[l;[i}l]] +bn)
h[0] = 0, Wy, = [Whe Whh]
y[t] = g(Wyh|t] + by)

h(t-1) is concatenated with x(t) and the combined vector
is multiplied by the Wh weight matrix.

The Wh matrix can be written as the concatenation of two
submatrices, one for x(t) one for h(t1)

The gradient of thecost of t+1 goes back not only to the
t+1 parameters but to all previous ones too (and is added
with the gradients of the other timesteps).

We split the input sequence to batches (for better
performance). When we give &-c as input we want the RNN
to output b-c-d. a>b, b->c, ¢>d. so | gave 3 timesteps to get 3
output timesteps. Notice that this means that the Back
Propagation Time period (BPTT) is 3, we backpropagate
through 3 timesteps.

Notice that the first timestep input is agms not just a. this is the
meaning of having a batch. As in a normal NN having a batch
means inputting a lot of examples at once.

1st example

Isttimestep: a 2nd timestep: b 3 timestep: ¢

2nd example

Isttimestep: g 2ndtimestep: h 31 timestep: i

Etc.

A batch means many examples at once, so the first timestep
will be the concatenated input of all examplesAgms

We train on small sub sequences of the whole sequence (give
abc and backpropagate on that, then bcd and backpropagate
AOA8s ET OOAAA 1T &£ OEA xEI T A OA
the sequence the larger the computation graph and the larger
the memory needed.The limiting factor is the available
memory.




Get batch (Il)

Misc
The KelleyBryson method

The KelleyBryson method (aka the adjoint state method) from 1962 is what we call backprop through time (+ gradient
descent). But realizing that you could use this to train multilayer nolinear neural net, and actually making it work, didn't
happen until the mid 1980s.

CNNs

Intro

Data must have local correlation . Where two nearby values of the input vector are usually very similar with each other. For
example in images there is a very high chance that if you get two nearby pixels their color will be very close. So the paster

you observe in a small area of theipture (of the size of the kernel) do not cover all the possible patterns of the image

(combinations of pixels) which would be the case if the pixels were randorif.you randomly permutate the pixels CNN will not
workproperi U8 '  A£01 1 U Ai11AAGAA T AO OEAO Ai AO1I 80 AAOA AAT OO Ol t
the cost of having more parameters

They can detect motif regardless of their location in the input.

Detecting Motifs in Images You have some detector layers (they are
convolutional masks or kernels). They show weight

> Swipe “templates” over the image to detect motifs values. Black means positive weight, white negative,
grey 0 weights. The picture is 500 pixels. The
oon Y Pk detector is 25. You slide the detector across the input
] ™ and calcubte a weighted sum value for each position
) ‘\\\ classifier (dot product, element wise product).
ki — D\ & You mark this value in the weighted sums layer which
\ 7 LHI e is a feature map. The feature map will have large
C ﬂ-> i values in the places where the current feature is
‘ 7 present in the input. Each node of the feature map
LA represents the activation or not of this feature
detector. White means negative values black means

positive. The most black areas are where this feature
was detected.

Then you add a bias and pass this through a nen
linearity like relu with threshold, that keeps only the
large positive parts for example. This operation gives




» Shift invariance

weighted thresholded weighted
detectors  sums outputs detectors  sums

input
image

D

input
image

D

kernel.

Detecting Motifs in Images B | a2 new image. You get one such image for each

thresholded
outputs

detector. Then you pass these resulting images of all
detectors through a linear classifier. This means that
in this case, the input to the linear classifier is 3 times
the size of the input image (the size ohie input
multiplied by the number of detectors)

If it has two positive areas for the first detector and

no positive for the last two detectors it might learn to
classify it as a C. It might compute the sum of those

i AGEi O j OEOAOEI 1T AAAQ OA

where the positives are.

The detectors are a set of coefficients. They are called filters or
convolutional kernels or masks.You have one convolution for each| You can train this system with backprop and learn

The detector has equal number of positive and

negative weights so that when all inputs are the same
it sums to O(the dot product with the input is 0).

the feature detectors.

This process of taking a small pattern of coefficients and sliding it over the input is calléiscrete convolution. It is actually a
different type of a linear function, different from the typical weighted sumit is different in two ways.

you can easily add to your model.

This first layer is a convolutional layer. It is a function in pytorch that| Of this mask. They share the same weights for each

1. Weights are localized.
The nodes of the first layer are not fully connected
to the nodes of the input. You can think of it like
OEEO8 wAAE 11T AA T &£ OEA
specific location of the input and it looks at it
through a specific mask (the detector). Think ba
mask as a set of weights (not nodes). Each mask w
affect it differently for the same input. And for each
node, instead of getting one weighted sum as in the
typical linear module where you sum the
contribution of all input nodes and all weights, you
get one weighted sum for each mask where you
only sum the input nodes of the location the layer
node looks at.

2. Weights are shared

All nodes of the first layer look at their own location
through the same mask. So they all use the weights

mask.

Convolution
» Definitioh

» convolution

» In practice
» Cross-cortelation o Y,

In2D =% vis 5 E WLk, -+
kl

Backpropagation through convolution

Pytorch uses the crossorrelation formula but it calls it
conwulution. They are the same thing essentially. The
weights W are constant. )

2800 QO o

The output is the same size of the input, minus the border
effects.




Backpropagating through convolutions

» Convolution Yyi = E ;“'.f"'i*.f'
» (really: cross-correlation) J

J
» Backprop to input ac’ Z oC ..:
> S ti lled . - W~
: ometimes care : oz, RPN %.
back-convolution K L.;.J
oc ac
» Backprop to weights dw; T L aTﬂ'I ar]
2

Convolution is a linear operation, so

the gradient with respect to the input vector x is a
multiplication of the incoming gradient with the
transpose of the weight matrix One x value influences
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with respect to every y. the gradient with respect to one X
value (xi) is the sum of the gradients of the y values it
influences multiplied by their weights.

Gradient with respect to the weights the gradient of one
weight wj, typically is the gradient of the y value
multiplied by the x value. But in convolution the same
weight is used multiple times since the weights are
shared (you slide the kernel so you slide the weights) so
we add the gradients of all y values the weight is
connected to.

Types of convolutions

Y. Lecun

Stride and Skip: subsampling and convolution “a trous”

LT 11
;X«»‘.MVA‘@}

» Regular convolution
» “dense”

> Stride
» subsampling convolution

» Reduces spatial resolution

» Skip, convolution “a trous”
» pronounced “ah troo” (means “with holes”)

» Dimensionality reduction without loss of
resolution l

Stride

Stride of 2 means that we move the kernel by 2 steps
instead of 1. It is subsampling actually. It reduces the
size of the output.

A trous (dilating convolution)

Some weights of the kernel are 0. It is useful if you
want your output nodes to have a wider perception
field but without increasing the number of weights
(parameters) too much.

Same convolution

A same convolution is a type of convolution where the output matrix is of the same dimension as the input matrix. This is

AAREEAOAA xEOE DPAAAET ¢ j OAA Al

Same convolution: A same convolution is a type of convolution where the output matrix is of the same dimension as the input

AFOAAT 80 1 AAQ

matrix. It achieves this with the use of padding(Handling border effectg

Padding — 1D data

2 X T7x|3

kernel size:

zero padding: ( 3 "— 1)/2 -_—

Padding

In order not to mess the matrices size, you need to
add some input units with 0 value, and perform a
convolution there too. this way the size of the
output is the same as the input. The 0 input unit will
just contribute O to the result of the new output

unit.

This way we pad 2 additional output units.

Notice thatwe preferi AA 1 61 AAO &I O
receptive field so that we pad an integer number of
units. This means that the number of input units will
be the same as the number of output units. You hav
one to one correspondence. Otherwise if you have
one output unit corresponding to more than one
input unit you wil | have ablur effect.




Pooling

It eliminates a bit of information about the precise location of where a feature is detected. For example. You might have a
feature detected in the first node and in the second node. The pooling will be activated no matter if the feature is in tinst for
second node. So it eliminates some information about the precise location of the feature. This adds to the robustness of

convnets with respect to the location of features.
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You aggregate neighboring values by subsamplin
You can pool over 4 units and shift over 2 so there
might be overlap in the pooling.

Subsampling ratio = 2 means that you go from n
values to n/2 values if you have no overlap in the
pooling.

The pooling operation is an aggregation which

must be permutation invariant. This means that it
should not be influenced by change in the order of
the input values.

The most famous pooling function is Max pooling.

Logsumexp pooling. B> 0 then it is average
pooling. B-> inf is max pooling.B -> -inf is min
pooling.

Kernels must be of odd number (for example 5*5 or 7*7 in an image) so that you can have a central point (a central pixel)

Calculate the size of the output image after a convolution

Convolutional Layer

(W-F + 2P)/S + 1

example: 5x5 input, 3x3 filter, padding=0, stride=1

(6-3+0)/1+1=
2/1+1=3
-> 3x3

This is the formula

Njn: number of input features

Ngyet Number of output features
k:
p:

L

ng, +2p—k

Nout = l I +1

S

convolution kernel size
convolution padding size
convolution stride size

Convolution Arithmetic

1d, 2d and 3d convolutions

In 1D CNN, kernel moves in 1 direction. Input and output data of 1D CNN is 2 dimensional. Mostly used on T8eges data.

In 2D CNN, kernel moves in 2 directions. Input and output data of 2D CNN is 3 dimensional. Mostly used on Image data.



In 3D CNN, kernel moves in 3 directions. Input and output data of 3D CNN is 4 dimensional. Mostly used on 3D Image data

(MR, CT Scans, Video).

The architecture of a CNN

Convolutional Network Architecture b

TN V‘w Filter Bank +non-linearity

i v T i - lin
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: Filter Bank +non-linearity

g 3 Pooling

—¥ — " Filter Bank +non- linearity
# [LeCun et al. NIPS 1989]
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Animation: Andrej Karpathy http://cs231n.github.io/convolutional-networks/
In the animation, the higher level feature map 1 is the sum of the
individual feature maps produced by the dot product of the input
i 0 OET x1

i Ap ATibDilTAT 6066 AOA 1

with each one of the kernels 0, Lland3 EAOA OET OAOI A

Each feature map after pooling, passes through a
different kernel. The result for each kernel is added
with the others. This sum is the feature map of the

next layer.This summation allows the second layer
feature maps to detect combinations of features

detected in the previous layer
You can think of the feature maps of a layer as

channelsi OAA Al ZO0AAT 80 1 AAC
input signal (black and white input image) is
transformed to a 3d signal where the third

direction is the number of feature maps (so the
32*32*1 is transformed to a 28*28*6 in the LeNet
AgAil bl A8 ) Odrbecaude@idte ting ¢
there was no use of padding in convolution to
tackle the border effects) The kernels of the next
layer are applied to a multichannel signal This
means (as described inalfredd © 1 AAQ OE
kernel sees at each layer with a different set of
weights (as if it is a different kernel for each
channel) and you get one feature map for each
channel. Then you add these channel feature maps
to get a new combined feature map on the néx
layer. You repeat for every kernel. This example
has 12 kernels in the second layer (so each kernel
sees at 4 channels and that gives you a total of
12*4=48 sets of weights as | understood).

Suppose that you use two kernels in the first layer.
One detects vertical edge and the other horizontal
edge. You get two feature maps. Then each featurs
i ADO PAOOAO OEOI OCE AT
weights of the kernel for this channel) and
producestwo new feature maps that are added
with each other to produce a common new feature
i Ab8 4EAOA 1T Ax OEAOI Al ¢
corner (an intersection between a horizontal and a
vertical edge) in which case the common feature
map represents the activaion of corner features.

Usually the pooling does subsampling so the
pooled feature maps are low resolution versions of
the unpooled.

Notice thatat the final layers you get

representations of the input with almost no spatial
information about it. the reason is that you apply

subsampling in each layer and summation of
feature maps. So a unit of the final feature map is
influenced by a big part of the input.




Convolutional Network (vintage 1990)

# Filters-tanh - pooling - filters-tanh - pooling - filters-tanh

Y]
!

22
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In the final layer the convolution kernel has the same
size as the height of the last feature map so the
resulting feature map is 1d and not 2d.

This collection of the final (1d in this case) feature

maps is the representation of the input imagend it
is the input to the classifier (which might have

multiple layers)

Y. LeCun

Overall Architecture: multiple stages of
Normalization - Filter Bank — Non-Linearity — Pooling

Filter | | Non- feature Filter | | Non- feature
N N M Norm [ N

Bank | |Linear| |Pooling Bank | |Linear!

r Y
|

Norm Classifier

Pooling

# Normalization: variation on whitening (optional)
— Subtractive: average removal, high pass filtering
- Divisive: local contrast normalization, variance normalization

4 Filter Bank: dimension expansion, projection on overcomplete basis

# Non-Linearity: sparsification, saturation, lateral inhibition....
- Rectification (ReLU), Component-wise shrinkage, tanh,.. < A

ReLU (x)=max(x,0) =
# Pooling: aggregation over space or feature type >

~ Max, Lp norm, log prob.

MAX :Max,(X,); L,:{X7; PROB:%log(Zebx,)
i

def init__ (self):

super (LeNet5, self). init Q)

self.convnet nn.Sequential(orderedDict ([
('c1', nn.conv2d(1, 6, kerne (8, 5))).,
('relul’', nn.ReLU()),
('s2', nn.MaxPool2d(kernel e=(2, 2), tride=2)),
('c3', nn.conv2d(6, 16, kerne e=(S, S5))).,
('relu3', nn.ReLU()),
('sa', nn.MaxPool2d(kernel size=(2, 2), de=2)),
('csS', nn.conv2d(16, 120, kerne (s, 8))).,
('relus', nn.ReLU())

1))

self.fc nn.sequential(orderedpict ([
('f6', nn.Linear (120, 84)),
('relus’', nn.ReLU()),
('f7', nn.Linear (84, 10)),
('sig7', nn.LogSoftmax(dim 1))

1))

def forward(self, img):

output = self.convnet(img)
output = output.view(img.size(®), -1)
output = se.l‘.f.fc(output)

return output

Visual cortex

The optical nerve has 1 million fibers. So the input to your cortex is a vector of 1million units (or ar
image of 1 million pixels). Actually the resolution of the retina is higher around 60 million pixels but
it has a few layers of neurons before the optal nerve that subsample the image to 1 million pixels
so that it can pass through the optical nerve.

There are two path ways in vision, the ventral stream that deals with object recognition (this is
where convents apply) and the dorsal stream that deals with vision for action (analysis of motion
and spatial relations, calculate relative positions so thatou can grab an object etc.)

It needs 100ms (1/10 sec) for a visual signal to be processed by the ventral stream (to have an
output). It needs to be quick since it has to do with predators fast detection etc.

Invariant equivariant

Local translation invariance

Applications

Convents for image generation

Convent Input data



& Signals where featuz BS

4 Signals in Wthh objécts are.s

# 1D ConvNets: sequentialis
- Text, music, audio, speeeh

] 2b ConvNets: images, time;treq
- ébject detection, Iocalizat'vy, T

# 3D ConvNets: video, voltimetric
- Video recognition / underStanein

frequency band.

b1 (mulfidimensional)arrays. < Input data can be timeseries or multiple

BiorgEsgeniiage analy Sy Have in mindpytorch 3d which deals with these
Hyperspectral im: analy arrays_
Time-frequency representatlons (for example spectrogram) Videos are 3d arrays too. and if they have color
The value (depicted as a color or more precisely a grayscale value) is | they are 4d arrays.
the energy of the signal in that particular time for that particular Volumetric images (voxels)

timeseries for example anulti -channel one
dimensional array. Instead of one item of the
timeseries coming each time you have many
parallel items each one belonging to a different
OAEATTAI 6 | A AEAEAOAI
a 2d array.

3d arrays. For example data from lidar. Each
point has x, y and z. a colored image has 3
channels R, G, B is also a 3d array (width * heigh
* 3)

The world is compositional | We see the input image that will maximally activate
| a particular neuron of a layer somewhere within the

# Convolutional networks learn hierarchical representations 3 CNN. So these mid and high level features are not
» Upper-layer representation are at a coarse spatial scale kernels, they are input images. The reason | guess
» Compositional hierarchies In physics: Renormalization group that the output of a unit of a higher Iayer i|a
X i - . > . .
t}t‘1f=ory‘ Multi-scale entanglement renormalization ansatz (MERA); combination of more than one kernels.

Low-Level || Mid-Level
Features Features

| |High-Level| [Trainable '

— OAQGET CO j A?2cmrYQ

Features Classifier

Feature visualization of convolutional net trained on ImageNet from [Zeiler & Fergus 2013]

Object detection and Multiple object detection

Classification
+ Localization

Classification Object Detection

Object Localization algorithm locates the presence of an object in the imagg
and represents it with a bounding box. It takes an image as input and

outputs the location of the bounding box in the form of (position, height, ang
width).

Sliding a trained CNN
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just apply the same convolution to the whole input and
OEEO 1 AAT O OEAO UT O AT1 6

Everything is calculated one time.

Both Multiple object recognition and Object detection use the
same techniqueThey slide a trained CNN over the input. And
this operation boils down to just applying the same convolution
that the CNN does, to the whole input. so, it is as if you have one
AEC #. OEAO DPOT AAOOGAO OEA xE
in reality you have one small CNN that is slidingver the input.
The size of sliding is determined by the scale of the pooling
operation. If you have one pooling layer subsampling by a factor
of 4 then this means that each output unit looks at a view of the
input which is shifted by 4 units. But each output unit is actually
iITA OAEOOET AOGd #.. O
input) and it slides over it by 4 units.
Notice that the last layers after the
convolutions (C3 to F here), the layers that
classify the CNN output essentially, are not
fully connected but since each belongs to the
same CNN, the weights are identical, and so it
as if you havea convolution with a kernel of

sizelbyl

Multiple object recognition

More on the structured prediction lecture

The concept is this: To detect multiple objects in an
input you use one CNN trained to detect a single
input and you slide it over a larger input. but you
have to train it in a specific way so that it only
detects the object if it is in the center of theiew (if it
is on the side you train it to not produce any output,
if there are two objects on the sides you train it to
detect nothing etc.).

Then we slide it over a larger input that contains
multiple objects. You use the same CNN without any
retraining. So this process is cheap. Then each CNN
produces a class it is surer about. You then apphon
maximum suppression(NMS) between neighboring
CNNs with the same output, to select the CNN which
is more certain. Non maximum suppression is
gradually replaced by trainable non maximum
suppression

Object detection

"AAAGOA UI O Ai160 EII
different scale than the CNN has trained to
identify, you subsample the image and reapply
the sliding CNN. Eventually there will be a
scale where the face will be at the right size
and the detector will fire.

Here we have a CNN applied at multiple scale
of the same image. (The image is subsampled
Notice thatthe features of all scales are
combined before going for classification




