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Why we need many hidden layers? Why we need deep learning?  

1. Two layers NN are universal approximators but extremely inefficient to train 

2. Deep ANNs transform the space nonlinearly so that the dataset becomes linearly separable 

3. The larger the number of layers the larger the generalization of the embeddings  

4. In overparameterized problems it is much easier to find a minimum 

5. The world is compositional 

 

 

1. Two layers NN are universal approximators but 

A theorem says that 2 layers NN are universal approximators as long as you have a large number of neurons in the hidden 

layer. They can approximate any function.  The reason though that we need NN with more than one hidden layer, is that there 

are many functions that are really inefficient to approximate with only one hidden layer. You would need a ridiculous number 

of units in the hidden layer which will make training extremely inefficient. This is the reason we need deep learning. It took the 

ML community decades to understand this. It became obvious in the beginning of 2010s.  

 

2. Deep ANNs transform the space nonlinearly so that the dataset becomes linearly separable 

In a two way classification problem, if the number of training examples is larger than the number of features then the chances 

the decision boundary to be linear is almost zero. This is an old theorem (1966). So we need to find way to deal with non linear 

decision boundaries. So you have to somehow transform the feature space non linearly, so that in the new feature space, the 

decision boundary is linear. What you actually do is that you expand the space non linearly, you increase the number of  

dimensions ÏÆ ÔÈÅ ÆÅÁÔÕÒÅ ÓÐÁÃÅ ×ÉÔÈ ÎÏÎ ÌÉÎÅÁÒ ÄÉÍÅÎÓÉÏÎÓ ÌÅÔȭÓ ÓÁÙȟ ÓÏ ÔÈÁÔ ÉÎ ÔÈÅ ÎÅ× ÓÐÁÃÅȟ ÔÈÅ ÄÉÍÅÎÓÉÏÎÓ ɉÎÕÍÂÅÒ ÏÆ 

features) is larger than the number of datapoints. This makes it easy to find a linear decision boundary.  

This is what manual feature extraction tried to do back in the day. To transform the features in such a way that they can be 

separated linearly. The important thing is that this preprocessing must be non linear. Deep networks do this non linear feature 

creation automatically. For intuition of why this is the case, check what ANNs actually do chapter.  

 

Linear classifiers (one unit ANN, SVM, etc.) were typically used in 
supervised learning. A linear classifier in this case is a system 
with just one unit/neuron (and the input units of course). Have in 
mind this intuition about the decision boundary of such a linear 
classifier. The weight vector w is orthogonal to the decision 
boundary because the weighted sum is a dot product between w 
and x. two vectors have dot product of 0 when they are 
orthogonal. When the weighted sum is 0 (b is just an offset) we 
are at the decision boundary because the system outputs 0. (b 
changes the position, w changes the orientation) 



 

For non linearly separatable cases, you have to transform space 
non linearly (expanding the space non linearly increasing the 
number of dimensions so that the number of dimensions is larger 
than the number of examples and the dataset has a chance of 
being linearly separable), so that in the resulting space the data 
set is linearly separatable. This is what polynomial regression 
does. Or kernel machines in SVM. 
 

 

polynomial regression for space transformation 
Have in mind that what polynomial regression actually does, is to 
transform the feature space in a non linear way, so that after the 
transformation, in the new space, the datapoints are linearly 
separable and we can use a typical linear classifier. We add more 
features (x1x2,x12,x22) and we do linear classification in that 
space which is a quadratic classification in the original space.  

 

SVM with kernels for space transformation 
SVM with kernels as ANN 
You can think of SVM with kernels as an ANN with one hidden 
layer where the number of units are the same with the number of 
training examples and we train the network in such as way that a 
unit produces 1 or close to it if the input vector is the same as a 
training example. Each unit shows the similarity with a different 
training example. (they are the landmarks). But it has only one 
hidden layer with all the problems this brings. (no deep learning). 

 

3. The larger the number of layers the larger the generalization of the embeddings  

The larger the number of layers the smaller the layers need to be in order to approximate a specific function. Smaller layers, 

mean smaller embeddings which can make them more generic. They can be enforced to capture only the important aspects of 

the input, the most important patterns. So they can generalize better. Have in mind that the ability of a system to generalize 

depends on its architecture that must be suitable for the data it receives (convnets for vision, transformers for speech).  

 

4. In overparameterized problems it is much easier to find a minimum 

In overparameterized problems it is much easier to find a minimum using optimization methods. This is the reason why many 

ANNs use more parameters than you might think is necessary. (one intuition I guess is that it is easier to overcome local 

minima in certain dimensions (certain parameters) by moving towards the other dimension. So the optimization algorithm 

can has many options for escaping local minima.) 

 

5. The world is compositional 

So this multilayer architecture with end to end learning allows the ANNs to learn hierarchies of simple to complex patterns. 

Also this compositionality makes the world comprehensible in the sense that we can process high level concepts that 

represent complex patterns and we can reason with these high concepts.  

 

History  

have in mind module based automatic differentiation 

you can have modules of ANNs and if you know how to propagate gradients through these modules, you can compute 

gradience for any kind of graph of interconnected modules (assembly of modules) creating complex systems.  



  

 
 

Future challenges  

There are no systems as of 2021 that can do these things well with a few exceptions maybe. 

1. Self supervision (no labels) 

2. Reasoning (memory network was and is an attempt) reasoning with learning. A lot of people working on this 

3. !ÕÔÏÎÏÍÏÕÓ ÁÇÅÎÔÓ ÔÈÁÔ ÃÁÎ ÐÌÁÎ ÂÁÓÅÄ ÏÎ ÏÂÊÅÃÔÉÖÅÓ ÁÎÄ ÍÏÄÅÌ ÏÆ ÔÈÅ ×ÏÒÌÄȢ 7Å ÄÏÎȭÔ ËÎÏ× ÙÅÔ ÈÏ× ÔÏ ÔÒÁÉÎ Á ÓÙÓÔÅÍ 

to represent action plans in a hierarchical manner.  

 

 

 

 

Notation 

 

 



Grey background in the input means it is an observation  
Red circle means learned parameter 
 

 

 

Bold is vector 
Curly brackets mean set 
Curly X is the design matrix (collection of samples) 
 

 

 

The learning rate might be a matrix. (so each parameter (weight) has each one learning rate?) 

 

 

Have in mind the notation for subscripts and 
superscripts. 

ajth-unit
lth-layer  

 
 

 

 We use column vectors  for the weight matrix. This means that in this case the W matrix between the input 
(2 units) and the first hidden layer (100 units) would be 100*2 and not 2*100. First is the direction we are 
looking from.  
 
In classification problems transforming to higher dimensions makes the optimization problem easier to 
solve. The points are separated with each other, there are less constraints and can be much easier to find 
good linear decision boundaries between them. (Have in mind that this is not a regression problem where 
you might have sparse data problem by the large number of dimensions) 

 



 

 

 

 
 

C is the correct class index  
+ ÉÓ ÔÈÅ ÎÕÍÂÅÒ ÏÆ ÃÌÁÓÓÅÓȟ ÌÅÔȭÓ ÓÁÙ σȢ &ÉÒÓÔ ÉÓ ÒÅÄȟ ÇÒÅÅÎȟ 
blue 
If the example x1 is in blue then y1 encoded with 1-hot 
encoding will be [0 0 1] and c=3, the index (+1) of the 
class, or the index of the 1 in the y vector. 
X is the design matrix  
M examples, n components each example (n features) 
 
Variables written in Bold in these diagrams show that 
they are vectors. 
 
Per sample loss 
 

1- means it tends to 1 from below 

 
logit 
the linear output of a NN is called logit.  
 
 
 
 

 



 

Inference for all examples at once 

 

 

 

Inference and Amortized inference  

A note: Back propagation is not used only for training. It is used for amortized inference too.  gradient descent is used for 

amortized inference too. 

  

Inference and Amortized inference 
You have a given network with fixed weights. in the first case you have a 
typical inference.  
 
In the second case you have amortized inference. The observation is now 
y, the network is fixed and you want to find an xbar that produces a y very 
close to the observed one given a fixed network. You do this with 
gradient descent or any other optimization algo. You compute the 
gradient with respect to x (and not with respect to the weights of the 
encoder). You use backpropagation to compute these gradients. The 
output of amortized inference is the result of an optimization problem. 
But it is still inference. 

 

Backpropagation  

NG Notes  
Backpropagation is a method for calculating the gradient of the cost function with respect to the parameters of the 

ANN (weights and biases). Then you can use that gradient for an optimization algorithm like gradient descent to 

minimize the cost function w ith respect to the parameters of the ANN .  

 

To minimize the cost function of a ANN we can use a gradient based method. For that, we need to be able to calculate the cost 

function and the partial derivatives of the cost function with respect to its parameters (for many parameter values). 

Backpropagation is a method using which we can calculate the partial derivatives of the cost function with respect to its 

parameters and thus we can use them for a gradient based optimization of the cost function (gradient descent or any other 

gradient based algorithm). Essentially you need a program that gets as input some initial parameters ɡ (the initial weights), it 

calculates the cost function and its partial derivatives for each weight and then it uses these to calculate the new weights by 

minimizing the cost function.  

 

One example in the training set 



 

 

 
.* is the element wise multiplication in matlab 
 

ɿ(4) is just activation minus training example data. The formula 
for the other ɿ turn out to be like the ones shown in the picture 
×ÈÅÒÅ Çȭ  is the derivative of the activation function g evaluated 
at the input value z(3) which is a(3)*(1-a(3)). In general ɿ is the 
activation error .  
 
It turns out that in order to calculate the partial derivatives we 
need first to calculate the error ɿ for each node. And to do that 
we need to calculate the ɿ for the output layer first and use that 
to calculate the ɿ of the nodes of the previous layer and so on. 
So essentially we are back propagating the errors. This is where 
the name of the method comes from. Of course in order to 
calculate the ɿs we need to calculate the activation of all nodes 
first and we do this using vectorized forward propagation. For 
example, in case of one example and with no regularization, the 
partial derivative of the cost function is given by the formula of 
the picture a*ɿ.  

  
So if you know the errors, ɿ, you can calculate the derivative 
and use it in the minimization calculation of the cost function, 
for example with the gradient descent method -> ʃ = ʃ ɀ a* 
partial -derivative where ʃ is a weight. You do this for all the 
weights. 
 
Notice that we use the derivative of the activation function 
ÇȭɉÚɊ ÉÎ ÔÈÅ ÅÒÒÏÒÓ ÃÁÌÃÕÌÁÔÉÏÎȢ 4ÈÉÓ ÍÅÁÎÓ ÔÈÁÔ the 
activation function g must be differentiable . In mathematics, 
a differentiable function of one real variable is a function whose 
derivative exists at each point in its domain. In other words, the 
graph of a differentiable function has a non-vertical tangent line 
at each interior point in its domain. A differentiable function is 
smooth (the function is locally well approximated as a linear 
function at each interior point) and does not contain any break, 
angle, or cusp.  

The cost function must be smooth. Therefore, ANNs use continuously ranging outputs for the neurons instead of binary 

outputs as biological neurons do. In the binary output case, a slight change in a weight could be the difference between 

activation or not, which means that the cost function would be vertical in that position.  

 

Imagine that no matter what the weight is the cost is always the same (the neurons 
ÄÏÎȭÔ ÆÉÒÅ ÆÏÒ ÅØÁÍÐÌÅɊ ÁÎÄ ÆÏÒ Á ÔÉÎÙ ÒÁÎÇÅ ÏÆ ×ÅÉÇÈÔ ÖÁÌÕÅÓ ÔÈÅ ÃÏÓÔ ÂÅÃÏÍÅÓ πȢ 9ÏÕ 
ÃÁÎȭÔ ÒÕÎ ÇÒÁÄÉÅÎÔ ÂÁÓÅÄ ÏÐÔÉÍÉÚÁÔÉÏÎ ÏÎ ÓÕÃÈ Á ÃÏÓÔ ÆÕÎÃÔÉÏÎȢ )Æ ÙÏÕ ÂÅÇÉÎ ÆÒÏÍ Á 
random ʃπ ÙÏÕ ÄÏÎȭÔ ËÎÏ× ÔÏ ×ÈÉÃÈ ÄÉÒÅÃÔÉÏÎ ÔÏ ÍÏÖÅ ÉÎ ÏÒÄÅÒ ÔÏ ÍÉÎÉÍÉÚÅ ÔÈÅ ÃÏÓÔ 
function.  

 

 

Many examples in the training set 



 

Now we have many examples so the weight of 
one node should be calculated based on the 
error of all examples. The variable ɝ 
accumulates the errors of all examples for each 
weight. Actually not just the errors but the 
product a*ɿ (which is the partial derivative of 
the cost function).  
 
It turns out with some complicated math, that 
for m examples and regularization, the partial 
derivative is given by the formula for variable 
D: 

 
Knowing the derivatives we can use a gradient based method to minimize the cost function for example with the gradient 

descent method -> ʃ = ʃ ɀ a* partial-derivative where ʃ is one weight corrected for the errors of all training examples. You do 

this for all the weights. 

 

Some intuitions for understanding backpropagation  

 

 

In general, we do a forward and a back propagation 
calculation for every example of the training set.  
 
So, for one example and if we ignore regularization, 
forward propagation propagates the activation values 
forward to calculate the z value of the next node. Back 
propagation propagates the error values backwards to 
calculate the error value of the previous node.  
 
It turns out that the error values are the partial 
derivatives of the cost function with respect to the z 
(not with ʃ).  

 

 

 

Gradient checking 



 

 

This is a method with which you can check if the partial 
gradients computed by back propagation are correct. 
Essentially it is a way to debug your backpropagation 
implementation. You calculate numerically the partial 
derivatives (using the two sided difference method) and 
compare them with gradient descent. You do this for only 
one step, one training example and if it is ok then you 
continue with backpropagation without recomputing 
numerically the gradients since this computation is very 
expensive.  
 

 

Random initialization  

4Ï ÓÍÁÌÌ ÎÕÍÂÅÒÓ ÃÌÏÓÅ ÔÏ πȟ ÂÕÔ ÎÏÔ π ÓÉÎÃÅ ÔÈÉÓ ×ÏÕÌÄ ÒÁÉÓÅ ÔÈÅ ÐÒÏÂÌÅÍ ÏÆ ÓÙÍÍÅÔÒÉÃ ×ÅÉÇÈÔÓȢ 7Å ÃÁÎȭÔ ÕÓÅ ÚÅÒÏ 

initialization since that would cause all the weights of each node to be identical which means that the nodes of the next layer 

learn the same function of the input, they have the exact same activation value. Which makes them highly redundant. 

 
 

 

Putting it together 

 

Notice that the simplest implementation of back 
propagation is done with a for loop, but there are more 
ÃÏÍÐÌÅØ ÖÅÃÔÏÒÉÚÅÄ ÍÅÔÈÏÄÓ ÔÈÁÔ ÄÏÎȭÔ ÕÓÅ Á ÆÏÒ ÌÏÏÐ ÁÎÄ 
are much faster. 
 
Notice that with this implementation the partial derivative 
with respect to a parameter (to a weight) is calculated by 
using information from all training examples. The ɝ terms 
is the accumulated summation of ɿs calculated for all 
examples. So the ɝij for a specific node j is the cumsum of 
ɿ from all training examples. (probably stochastic gradient 
descent uses only one example) 
  



 
 

Putting it all together (me)  

In a gradient descent step you update all the weights using the calculated partial derivatives from all training examples (the D 

terms calculated with backpropagation). I guess that then you need to repeat the whole process (steps 1-5) for the updated 

weights, to calculate the new gradients and use them to re-update the weights. Then for each state with new weights (each 

epoch) you run the neural net to the test set and you get an error rate (misclassification error) which you add to a plot to 

watch the algÏÒÉÔÈÍȭÓ ÃÏÎÖÅÒÇÅÎÃÅȢ )Î ÓÔÏÃÈÁÓÔÉÃ ÇÒÁÄÉÅÎÔ ÄÅÓÃÅÎÔ ) ÇÕÅÓÓ ÔÈÁÔ ÉÎ ÅÁÃÈ ÓÔÅÐ ÙÏÕ ÃÁÌÃÕÌÁÔÅ ÔÈÅ ÇÒÁÄÉÅÎÔÓ ÂÁÓÅÄ 

on some randomly selected examples instead of using all examples in every step.  

 

Intuition  

  
The ANN sees a picture of a 2. It produces an output vector. We know the correct answer so we take the differences between 

ÔÈÅ ÌÁÓÔ ÌÁÙÅÒ ÁÃÔÉÖÁÔÉÏÎ ÁÎÄ ÔÈÅ ÃÏÒÒÅÃÔ ÁÃÔÉÖÁÔÉÏÎȢ %ÁÃÈ ÏÕÔÐÕÔ ÎÅÕÒÏÎȭÓ ÁÃÔÉÖÁÔÉÏÎ ÍÕÓÔ ÂÅ ÃÈÁÎÇÅÄ ÂÙ Á ÄÉÆÆÅÒÅÎÔ ÆÁÃÔÏÒȢ Here 

we ÉÓÏÌÁÔÅ ÔÈÅ ÓÅÃÏÎÄ ÎÅÕÒÏÎ ÏÆ ÔÈÅ ÏÕÔÐÕÔ ÌÁÙÅÒȢ )ÔȭÓ ÁÃÔÉÖÁÔÉÏÎ ÎÅÅÄÓ ÔÏ ÂÅ ÉÎÃÒÅÁÓÅÄ ÂÙ πȢςȢ  

There are three ways to change this activation 

¶ Change bias 

¶ Change weights 

¶ /ƘŀƴƎŜ ǇǊŜǾƛƻǳǎ ƭŀȅŜǊΩǎ ŀŎǘƛǾŀǘƛƻƴ 



7Å ÃÁÎȭÔ ÁÆÆÅÃÔ ÔÈÅ ÐÒÅÖÉÏÕÓ ÁÃÔÉÖÁÔÉÏÎ ÂÕÔ ×Å ÃÁÎ ÁÆÆÅÃÔ ÔÈÅ ÂÉÁÓ ÁÎÄ ×ÅÉÇÈÔÓȢ 3Ï ×Å ÃÁÎ ÃÁÌÃÕÌÁÔÅ ÈÏ× ÍÕÃÈ ×Å ÓÈÏÕÌÄ 

ÉÎÃÒÅÁÓÅ ÅÁÃÈ ×ÅÉÇÈÔ ɉÄÅÐÅÎÄÉÎÇ ÏÎ ÉÔÓ ÒÅÁÌÔÅÄ ÎÅÕÒÏÎȭÓ ÁÃÔÉÖÁÔÉÏÎɊȢ )ÎÃÒÅÁÓÅ Á ÌÏÔ ÔÈÅ ×ÅÉÇÈÔÓ ÃÏÎÎÅÃÔÅÄ ×ÉÔÈ ÎÅÕÒÏÎÓ ×ÉÔÈ 

large activation etc. 

4ÈÅÎ ×Å ÃÁÎȭÔ ÁÆÆÅÃÔ ÔÈÅ ÁÃÔÉÖÁÔÉÏÎÓ ÂÕÔ ×Å ÃÁÎ ÄÅÄÕÃÅ ÈÏ× ×Å ×ÁÎÔ ÉÔ ÔÏ ÂÅ ÍÏÄÉÆÉÅÄ ÉÎ ÏÒÄÅÒ ÔÏ ÇÉÖÅ Á ÂÅÔÔÅÒ ÁÎÓ×ÅÒ ÆÏÒ ÔÈÅ 

specific exmple. Increase the activation of neurons connected with positive weights with the output neuron two, and decrease 

the ones connected with negative weights. Then we use this result to calculate the weights changes of the previous layer.  

This way we get how much we want to change all weights based on this output neuron for thos single example. Then 

we repeat the same process for the next output neuron, for this specific example. And do this for all output neurons. 

Then we calculate the ave rage change to each weight given by all output neurons for this specific example. Then 

repeat this whole process again for each example. And we calculate the average weight change for all examples. These 

values are actually the negative derivatives of the cost function. 

  

The math  

Assume we have an ANN with layers of one neuron (just for understanding the math) 

The cost of the (one in this case) output neuron depends on three different terms.  

1. The weights of the last layer wL 

2. the bias of the last layer bL  

3. the activations of the previous layer aL-1 

 

The cost sensitivity to the weights (the partial derivative of the cost function with respect to the weight) 

 
 

 

where 

 
So we know the derivative of the cost 
function with respect to the last weight wL 
for one example.  
 
Notice that we use the derivative of the 
activation function ʎ and this is the reason 
for which we want the activation function 
to be differentiable for back propagation 
to work.  

And for all examples we sum up: 

     

And this is one element of the gradient 
vector. It is the derivative with respect to 
the last weight wL. the other elements are 
the derivatives with respect with the 
other weights (and biases) 
 

 

The cost sensitivity to the bias  



 

Again we sum up for all training 
examples.  

 

 

The cost sensitivity to the activation of the previous layer 

 

 

From this part of the cost comes the 
term back propagation. We have 
calculated how much we want to 
modify the previous activation. But we 
ÃÁÎȭÔ ÄÉÒÅÃÔÌÙ ÃÏÎÔÒÏÌ ÉÔȢ 7Å ÃÁÎ ÏÎÌÙ 
ÃÏÎÔÒÏÌ ÉÎÄÉÒÅÃÔÌÙ ÆÒÏÎ ÉÔȭÓ Ï×Î 
weights, biases and previous 
activation.  
So based on this calculated value, we 
calculate how we want to change the 
previous weights and biases and 
activations.  
We actually propagate the error 
backwards.  

 

 

Doing all this, we have calculated the gradient of the cost 
function. And we can use it with an optimization algorithm.  

 

Compute  
Vectorized form for backpropagation  

You have a functional module that gets a vector and outputs a vector. This module can be a linear module for example 

multiplication of the input vector with a matrix, or it can be a nonlinear module for example passing the input through a relu 

function, or it can be a cost function etc. To back propagate a gradient vector (or scalar, or matrix etc.) through this module, 

you must first calculate how each element of its output is affected by each element of its input  (or vice versa however you 

prefer to think  of it). This can be written as the partial derivative of the output vector with respect to the input vector. The 

result of this operation (dzg/dzf) is a matrix. The first element of the output vector is affected by each element of the input 

vector which means that this relationship is described by a vector. It shows how much each element of the input affects the 

first element of the output. You repeat for the second element of the output and so on. So you end up with a matrix with all 

interactions. (Matrix calculus or multivariate calculus). This is the jacobian matrix  of that functional module. The jacobian 

ÍÁÔÒÉØ ÏÆ Á ÆÕÎÃÔÉÏÎÁÌ ÍÏÄÕÌÅ ÓÈÏ×Ó ÈÏ× ÅÁÃÈ ÅÌÅÍÅÎÔ ÏÆ ÔÈÅ ÍÏÄÕÌÅȭÓ ÏÕÔÐÕÔ ÉÓ ÁÆÆÅÃÔÅÄ ÂÙ ÅÁÃÈ ÅÌÅÍÅÎÔ ÏÆ ÉÔÓ ÉÎÐÕÔȢ So, if 

you have the gradient vector  that you want to backpropagate through that functional module and you know the 

jacobian of that module with respect to its input (it will have one jacobian for each set of input parameters ), you can 

calculate the gradient vector of that input of this mo dule by multiplying the given gradient vector with that jacobian 

matrix . So, you backpropagate the gradient . Essentially, we know how much each output value should change (this is the 

gradient that was back propagated to our module from higher parts of the model). We also know how each output node is 



affected by each input node. Knowing these two things, we can calculate how much we need to change the nodes of the input 

to create the given change in the output (this is the gradient that we will back propagate to the lower parts of the model). Each 

functional module has a certain jacobian that is different for each of its inputs. The jacobian of a functional module which is 

simply the multiplication of the input by a matrix (a linear functional module), is the transpose of this matrix.  

 

A loss function calculates one scalar value (for example the second norm squared which is a scalar). You want to back 

propagate that loss. You want to see how this loss value is affected by the input of interest to the cost function module (the 

y_hat is that input). So, you actually need the jacobian of the cost function with respect to y_hat. Then you multiply 1 (the 

derivative of the cost function with respect to itself) with that jacobian and you get the gradient vector of the loss function that 

you can further propagate.  

 

For more details on various functional modules (activation and cost functions) and their jacobians see  

https://aew61.github.io/blog/artificial_neural_networks/1_background/1.b_activation_functions_and_derivatives.html.  

https://aew61.github.io/blog/artificial_neural_networks/1_background/1.c_loss_functions_and_derivatives.html  

 

Notice that if you try to do this calculation for all m examples instead of just one and with respect to the parameters W, then 

you have the derivative of a matrix with respect to a matrix (dZg/dW2). The result of this action is a 4d jacobian matrix (think 

of it as a collection of 3d matrices the same way a 3d matrix can be thought of as a collection of 2d matrices). Again, you see 

ÈÏ× ÅÁÃÈ ÅÌÅÍÅÎÔ ÏÆ ÏÎÅ ÍÁÔÒÉØ ÉÓ ÁÆÆÅÃÔÅÄ ÂÙ ÅÁÃÈ ÅÌÅÍÅÎÔ ÏÆ ÔÈÅ ÏÔÈÅÒ ÏÎÅȢ )ȭÍ ÎÏÔ ÓÕÒÅ ÏÎ ÈÏ× ÙÏÕ ÁÒÅ ÓÕÐÐÏÓÅÄ ÔÏ 

represent this matrix so that the dimensions are ok for multiplications.  

 
Have in mind: in general the boxed expression is only true if c is 
affected by zf only through zg.  

 
The derivative of the cost C with 
respect to the vector zf (the activation 
of the previous layer) is the derivative 
of the cost with respect to zg (a vector) 
multiplied by the derivative of zg with 
respect with zf (a matrix). It is the 

chain rule which in this case gives a vector matrix 
multiplication. The matrix is a jacobian matrix. If the g() 
function is a matrix multiplication, the typical weighted 
sum with the weights, then the jacobian of that matrix is 
the transpose  version of it. So backpropagating 
through a linear module just means multiplying 
gradient with the transpose of the weight matrix .  

 

The derivative of the cost with respect 
with the weights (the bias is included in 
the weights) is a multiplication of the 
same vector with a different jacobian 
matrix. It is the jacobian of the same 
matrix with respect to the other input 
so the derivatives are with respect to 

the weights and not with respect to the activations.  

https://aew61.github.io/blog/artificial_neural_networks/1_background/1.b_activation_functions_and_derivatives.html
https://aew61.github.io/blog/artificial_neural_networks/1_background/1.c_loss_functions_and_derivatives.html


 

So with these two formulas you can do backprop.  

 

 

This typical first graph can be rewriten as the second 
graph which describes what pytorch and tensorflow do 
under the hood to achieve automatic differentiation 
(automatically calculate the derivatives of the cost 
function using backpropgation). 1 is just the derivative 
of the cost function with respect to itself. It is just how 
the loop for backpropagtion starts. The * in the graph 
means multiplication.  
 

 

Misc 
Backpropagation, gradient descent and global optimum  

Backpropagation is a method for calculating the cost function. When you have the cost function you can minimize it with 

respect to your parameters using gradient descent or any other optimization algorithm. Have in mind that the cost function of 

a NN is a non-convex object so there is no guarantee that gradient based methods will reach to the global optimum. But 

ÓÕÒÐÒÉÓÉÎÇÌÙ ÔÈÁÔȭÓ ÏËȢ %ÍÐÉÒÉÃÁÌÌÙ ÉÔ ×ÁÓ ÆÏÕÎÄ ÔÈÁÔ ÄÅÓÐÉÔÅ ÔÈÅ ÎÏÎ-convexity we arrive at sensible solutions. By now there 

exist some theoretical insights into this: 

https://arxiv.org/pdf/1412.0233.pdf   

https://arxiv.org/pdf/1406.2572.pdf   

The short story is that local minima are rare and they are all very similar  to each other and the global minimum.  

 

If the data set has indeed some structure then it tunrs out that the 
ÃÏÓÔ ÆÕÎÃÔÉÏÎȭÓ ÌÏÃÁÌ ÍÉÎÉÍÕÍÓ ÁÒÅ ÁÌÍÏÓÔ ÏÆ ÔÈÅ ÓÁÍÅ ÑÕÁÌÉÔÙȢ  

https://arxiv.org/pdf/1412.0233.pdf
https://arxiv.org/pdf/1406.2572.pdf


 

Notice though that if there is no structure ibn the data, for example 
in the imagenet case if you change the labels to random words so 
that for example each image of a lion has a different label, then there 
is really o structure to yoru data. Despite this, if the ANN is big 
enough, it could memorize the entire datset and produce a good 
error rate in the training set. The training though would be much 
slower. If there is structure to the data, ANNs learn faster. 

 

The higher the number of parameters the less of a problem are local minima. Because you might have a local minimum in one 

parameter but the gradient based algorithm can overcome it by moving to the direction of the other dimension.  

 

The non convex cost function in a NN has many saddle points, areas where the gradient is flat (not going up) in some 

dimensions. But SGD can usually overcome these regions.  

 

 

Backpropagation is really one instance of a more general technique called "reverse mode differentiation" to compute 

derivatives of functions represented in some kind of directed graph form. 

 

Model selection (hyper -parameter tuning)  

Hyperparameters: these are parameters that are not being updated by the model (the optimization process on the model). You 

have to set them and they will be the same during the optimization process. For example in the case of NNs,  

¶ the number of hidden layers 

¶ the number of neurons in each layer  

¶ the learning rate a  

¶ the momentum 

¶ the activation function 

¶ minibatch size 

¶ num of epochs 

¶ dropout 

 

 

ANNs as space transformations 

 

ANNs are actually a sequence of linear and non 
linear blocks. Or linear and nonlinear 
transformations of the input space. Or in Alfredo 
terms, a sequence of space rotations and 
twisting. All these transformations are done with 
the goal of ending up with a space where the 
data are linearly separable.  You want it to be 
linearly separable because they can be classified 
by a linear classifier that a single output unit 
actually is. For example, in a two class 
classification you only need one output unit (1 
or 0). For more classes each output neuron is 
still a linear classifier for its class.  



ɉ4ÈÅ ÂÌÏÃËÓ ÏÆ ÁÎ !.. ÃÁÎ ÂÅ ÒÅÐÒÅÓÅÎÔÅÄ ÁÓ Á ÇÒÁÐÈ ÔÈÁÔ ÄÏÅÓÎȭÔ ÈÁÖÅ ÌÏÏÐÓȢ 9ÏÕ ÍÕÓÔ ÎÏÔ ÈÁÖÅ ÌÏÏÐÓ ÆÏÒ ÂÁÃËÐÒÏÐÁÇÁÔÉÏÎ ÔÏ 

work because you want to know the state of a layer to calculate the state of the previous one).  

 

Mean normalization to data  

First you apply mean normalization to the data. The intuition of why: the data are high dimensional vectors (or points if you 

ÌÉËÅɊȢ 4ÈÅÙ ÂÅÌÏÎÇ ÔÏ Á ÖÅÒÙ ÈÉÇÈ ÄÉÍÅÎÓÉÏÎÁÌ ÓÐÁÃÅȢ ,ÅÔȭÓ ÓÁÙ ÔÈÅÙ ÁÒÅ ÉÍÁÇÅÓ ÏÆ ÄÏÇÓ ÁÎÄ ÃÁÔÓȢ .ÏÔÉÃÅ ÔÈÁÔ ÔÈÅ ÐÏÉÎÔÓ ÏÆ ÔÈese 

two classes will be very close together, concentrated in a very small region somewhere on the space. The reason for this is that 

the statistics of these two datasets are extremely similar within a high dimensional space. Cats and dogs are extremely similar 

objects. You want to zoom on this data cloud to be able to apply decision boundaries on it. to zoom on the data cloud you have 

to move it to the origin. To do so, must find the mean of this point cloud and subtract it from every data point. This will bring 

ÔÈÅ ÃÌÏÕÄ ÁÒÏÕÎÄ πȢ 4ÈÅÎ ÙÏÕ ×ÁÎÔ ÔÏ ÐÒÏÐÅÒÌÙ ÓÃÁÌÅ ÉÔ ÓÏ ÔÈÁÔ ÉÔ ÉÓ ÃÌÅÁÒÌÙ ȰÖÉÓÉÂÌÅȱȢ 4o do so, you divide each point with the 

standard deviation of the cloud. This way, two different datasets with similar distribution but different scales, same clouds but 

one is larger, (one dataset with points with values around 10k and another dataset with values around 0.1) they all become 

values around 1. These two steps can zoom any dataset in the origin. Then you start the space transformations to make the 

data points linearly separable. If you do this mean normalization in a 2d space and your data are around 0 with standard 

deviation of 1, then the radius of this data cloud would be 3, because in a normal distribution 99% of the data is within 3 

standard deviations around the mean.  

 

Rotating data  

Whenever you apply a matrix to a vector (matrix vector multiplication) you apply a linear transformation to that vector. In 

ANNs (in high dimensional space) we have an affine transformation (linear transformation + translation (translation comes 

from the bÉÁÓ ) ÇÕÅÓÓɊɊȢ 4ÈÉÓ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎȭÓ ÍÁÉÎ ÃÏÍÐÏÎÅÎÔ ÉÓ ÒÏÔÁÔÉÏÎȢ 3ÃÁÌÉÎÇ ÃÁÎ ÂÅ ÐÕÔ ÏÕÔ ÏÆ ÔÈÅ ÍÁÔÒÉØ ÁÓ Á ÓÃÁÌÁÒȢ 

Reflection too (negative scalar is reflection right?). Shear component is small. (If the output layer has fewer units than the 

input layer, data is rotated and squeezed into a space of fewer dimensions too).  

 

Squeezing data 

Alfredo refers to this step as Squashing. How sigmoid or relu twists space? The sigmoid function has a squashing effect. 

Whatever value x takes, the sigmoid of x is always between 0 and 1. So it squashes (squeezes) the input data. But not twisting 

it. how? This is how: each vector (meaning each input which can also be represented as a point) passes through a function 

(which is nonlinear). So it will be moved to some other place after that action. A different vector passing through the same 

nonlinear function will also be moved but differently. Each vector is moved differently. So the combination of all movements is 

actually a non linear transformation of the underlying space, and because the points are moved differently (non linearly) 

shows that the space is actually twisted so for example two points that are far away in a specific region of the initial space, end 

up close together. And in another region of the initial space, points that are far away end up more far away etc. the space is 

twisted.  

A NN transforms the space in such a way so that the dataset represented in the resulting space of the second to last layer, is 

linearly separable. Because the last layer is a collection of perceptrons (performing only a weighted sum which is a linear 

operation), which are linear classifiers. 

 

In classification we must first expand the input space to 
higher dimensions so that the data cloud is separated from 
the small region of the input space that it usually lies.  

Therefore the first hidden layer is always larger than the input layer. In this larger space where the data are more separated 

with each other the optimization algorithms can work better, transforming the space in a way that the data becomes linearly 

separable. Then we shrink the space back to the dimensions we want. 

 

The Spiral example  



 

Here we see 
the original 
space. We pass 
ȰÁÌÌȱ ÐÏÉÎÔÓ ÔÏ 
our model and 
get the color it 
predicts for 
each one. This 
is how we see 
this contoured 
result.  

¶ The second hidden layer which adds one more linear transformation from 100d back to the 2d space, is only added to make 

it possible to visualize in a 2d space, the result of the transformations made by the first hidden layer. Essentially it allows us 

to make linear interpolation between the position of a point in the input space and its corresponding position in the 

transformed space. This way I can visualize how the point moved during the transformation.  

¶ Notice that when we use ReLU for the first hidden layer the decision boundaries out of the data domain are linear. This is not 

extrapolation, it is just linear expansion of the boundaries. Extrapolation would be to continue the spiral shape outwards. If 

we used a sinusoidal activation function they would be kind of sinusoidal and would contain some short of periodicity.  

  

 

¶ Here we see the transformed space. The weighted sum of each 

output neuron, is actually a plane function (2d plane in this case, 

ÙρͺÈÁÔ Ѐ ×ρρØρϹ×ρςØςϹÂρɊȢ )Æ ×Å ÃÁÌÃÕÌÁÔÅ ÔÈÉÓ ÙρͺÈÁÔ ÆÏÒ ȰÁÌÌȱ 

nodes then we will get a 2d plane for example the yellow plane. 

Here we show the planes for each output neuron (actually 

something like the union of the planes). It is not a union. we just 

show the maximum weighted sum for every possible input, colored 

according to which output neuron it occurs. If the maximum 

weighted sum for a given input is the first output neuron (say the 

red) then we mark that output with red color. The red place is all 

inputs where the max weighted sum is in the red neuron. 

¶ When we then pass the weighted sum through softmax we get the 

smoothed surfaces from 0 to 1.  

¶ For a given x we get the output neuron with the max softmax value.  

 

Pytorch 5 basic steps  



 

Training for classification in Pytorch is 
composed of 5 basic steps: 

1. Get the prediction with a Forward 

pass  

2. Calculate the prediction loss 

3. Make the gradients 0 

4. Calculate the gradients with respect 

to the parameters 

5. Move to the direction of maximum 

loss decrease (opposite of the 

direction of the gradient of the cost 

function)  

 
In pytorch gradients are accumulated. This is 
convenient for various reasons for 
complicated architectures. The backwards() 
function accumulates the gradients. In this 
ÃÁÓÅȟ ×Å ÄÏÎȭÔ ×ÁÎÔ ÔÈÁÔȢ 4ÈÅÒÅÆÏÒÅ ÁÔ ÅÁÃÈ 
optimization step (each epoch) we make the 
gradients 0 before accumulating.  
 
crossEntropyLoss() is the negative 
logsoftmax 
 
optim.SGD (stochastic gradient descent) 
optim.Adam (a similar optimization algo) 

 

 

 

Architecture  
7Å ÁÌÒÅÁÄÙ ËÎÏ× ÁÂÏÕÔ ÔÈÅ ÌÉÎÅÁÒ ÍÏÄÕÌÅÓȢ )ÔȭÓ ÁÎ ɉÉÎÐÕÔɊ ÖÅÃÔÏÒ ɉ×ÅÉÇÈÔɊ ÍÁÔÒÉØ ÍÕÌÔÉÐÌÉÃÁÔÉÏÎȢ  

 

 

Basic modules with their jacobians 

 

 

 



Activation functions  
Nonlinear activation functions 

¶ Point wise nonlinearities 

They transform nonlinearly one point to another. The weighted sum to the output of the activation function. A single 

value to a single value. For example, ReLU, sigmoid etc. 

¶ Vector to vector nonlinearities 

They transform nonlinearly the entire vector to another one. A function is applied to all weighted sums and changes 

each value of the vector but in a way that is related with the changes to the other values of the vector. It is applied to 

the vector as a whole and outputs a new vector of the same size. For example, softmax .  

 

ü Point wise nonlinearities  

ReLUs 

ReLU (rectified linear unit) is called the positive part function in math. ()^+ in latex.  It turned out that using ReLU makes the 

training process much more efficient. 

 

The important thing (for any activation function) 
ÉÔȭÓ  ÔÈÁÔ ÉÔ ÈÁÓ ÏÎÌÙ ρ ËÉÎËȢ )Ô ÍÁËÅÓ ÉÔ ÃÏÎÔÒÁÓÔ 
equivariant (equivariant scale). If the input 
increases by two, the output increases by two or 
not at all. This somehow helps in deep networks. 
Theoretically not exactly understood yet why.  
 
Any flat region of a nonlinearity in a ANN is a 
ÐÒÏÂÌÅÍ ÂÅÃÁÕÓÅ ÙÏÕ ÃÁÎȭÔ ÐÒÏÐÁÇÁÔÅ ÇÒÁÄÉÅÎÔ 
ÔÈÒÏÕÇÈ ÉÔȢ ÙÏÕ ÃÈÁÎÇÅ ÔÈÅ ÉÎÐÕÔ ÔÈÅ ÏÕÔÐÕÔ ÄÏÅÓÎȭÔ 
change (saturation) . The gradient is 0. So you 
need to either avoid these regions or not have 
them. This is why there are variations of ReLU 
with small slope in the negative part, like leaky 
2Å,5Ȣ ɉ4ÈÁÔȭÓ ÐÒÏÂÁÂÌÙ ×ÈÙ ÓÉÇÍÏÉÄ ÄÏÅÓÎȭÔ ×ÏÒË 
that good in deep nets. Because some nodes in 
some layer will go to very large values which 
means that they will be in the flat region and no 
gradient could be propagated through them) 

 

 

Due to the ReLU function, any region of the 
input space undergoes a different linear 
transformation. Or, for the case of the decision 
boundaries, they are made of piecewise linear 
segments. They look smooth because these 
segments are tiny, and this is direct 
consequence of going through a 100 
dimensional hidden representation. 
 

 

 

Softplus 

 



Sigmoid 

Go to function to use if you want to make a decision between a or b, for example, if you want to activate a part of the network 

or not, a sigmoid is a good function to use to compute the coefficient that activates/deactivates (in a differentially manner). 

 

Tanh 

Softshrink 

Used in sparse coding  

 

Logsigmoid 

 

General tip 

$ÏÎȭÔ ÕÓÅ ÎÏÎ ÍÏÎÏÔÏÎÉÃ ÁÃÔÉÖÁÔÉÏÎ ÆÕÎÃÔÉÏÎÓ ÂÅÃÁÕÓÅ Ô×Ï ÄÉÆÆÅÒÅÎÔ ÉÎÐÕÔÓ ÈÁÖÅ ÔÈÅ ÓÁÍÅ ÏÕÔÐÕÔ ÁÎÄ ÔÈÁÔ ÄÏÅÓÎȭÔ ÄÏ ÇÏÏÄ ÔÏ 

gradient descent. (It can lead to increase in the number of local minima or it can introduce saddle points) 

 

ü Vector to vector non -linearities  

Softmax  

and softmin  

nn.Softmax() 

 
 

They should have been called argsoftmax 
and argsoftmin. Argmax get the maximum 
value of a vector and makes all other values 
πȢ !ÒÇÓÏÆÔÍÁØ ÄÏÅÓÎȭÔ ÍÁËÅ ÁÌÌ ÏÔÈÅÒÓ π ÂÕÔ 
they go to 0 smoothly, so the second largest 
would be non zero etc. they are all summed 
up to 1. So softmax can turn the arbitrary 
scores output from a layer to a probability 
distribution of discrete variable. 

Softmax(x + c) = softmax(x) 

)Æ ÙÏÕ ÁÄÄ ÔÈÅ ÓÁÍÅ ÃÏÎÓÔÁÎÔ ÔÏ ÁÌÌ ÅÌÅÍÅÎÔÓ ÏÆ ÔÈÅ ÉÎÐÕÔ ÖÅÃÔÏÒ ÔÈÅ ÓÏÆÔÍÁØ ÄÏÅÓÎȭÔ ÃÈÁÎÇÅȢ 4ÈÉÓ ÍÅÁÎÓ ÔÈÁÔ ÓÏÆÔÍÁØ ÄÏÅÓÎȭÔ 

care about the amplitudes of the data it only cares about their relative size difference. This is very useful.  

Softmax(b*x) 

"Ù ÖÁÒÙÉÎÇ ÔÈÅ ÓÃÁÌÁÒ Âȟ ÙÏÕ ÖÁÒÙ ÔÈÅ ÓÍÏÏÔÈÎÅÓÓ ÏÆ ÔÈÅ ÓÏÆÔÍÁØȢ )Æ Â ÉÓ ÓÍÁÌÌ ÓÏÆÔÍÁØ ÉÓ ÓÍÏÏÔÈȢ )Æ ÉÔ ÉÓ ÌÁÒÇÅȟ ÌÅÔȭÓ ÓÁÙ ρ000, 

then it is not smooth at all. Essentially the biggest value will be 1 and all others 0 or so.  

 

Just have in mind: 

The argmax function is the derivative of the max 

The softargmax is the derivative of the argmax. 

 

Important  



 

In pytorch the names of the functions 
are wrong as of 2021!  
 
torch.softmax  
in reality it is the softargmax 
 
the actual softmax is: 
1/b*torch.logsumexp(b*E) 
 
The actual softmin is: 
-actual_softmax(-E) 

 

Cost functions  
logsoftmax  

The most used cost function for classification problems 

nn.LogSoftmax() 

 

 
-log(x) 

 

In classification problems, after the softmax of the last layer 
there is a very important module. The cost function module. 
Or loss function. There are various ways to calculate a cost 
function for your problem. One way is the square error (the 
sum of the squares of the difference between the predicted 
output and the correct output). Another way is the negative 
logarithm of the predicted value of the correct class -log(yc).  
 
The -log(x) function is 0 if x=1 and infinity if x=0. So if the 
output of the correct class is close to 1 the error calculated 
this way would be close to 0 and vice versa. And since the 
output values of the units are competitive (softmax), it 
means that if we increase the correct one the others must be 
decreased. So the cost function (the objective function) is 
to minimize the negative logarithm of the logsoftmax 
function of the correct class . (or in other words, the 
negative log likelyhood of the correct class) 
 
In general, you should calculate the logsoftmax in one go, 
and not first the softmax values and then the log of it. the 
reason is to avoid numerical issues in the computations, 
issues that arise due to large numbers (for example log(0)=-
infinity). Pytorch does a trick in logsoftmax code, to avoid 
those numerical problems. So you actually use the 
logsoftmax at the last layer directly instead of the 
softmax . You compute the cost directly without computing 
the predicted values. You only need them to calculate the 
loss after all.  
 
 

 



 

Logsoftmax is a special case of cross 
entropy error category. 
 
Have in mind this intuition about the 
loss produced by the logsoftmax. The 
ratio of logs equals the difference of 
these logs. The log with the exponential 
cancels out so you are left with the right 
part of the equation as shown in the 
picture (first row). This says that to 
minimize this expression you must 
increase the weighted sum of the 
correct class (the x[class]) and decrease 
the sum of the exponentials of the other 
weighted sums (the log partition 
function) including the correct one.  

This ends up in increasing the correct weighted sum and decreasing the others.  

 

 

We know the cost vector. To start the back propagation loop, we can calculate the 
gradient of the cost with respect to itself (c/dc which is 1). (But if it is 1 how the 
ÍÁÇÎÉÔÕÄÅ ÏÆ ÃÏÓÔ ÖÁÌÕÅ ÁÆÆÅÃÔÓ ÔÈÅ ÇÒÁÄÉÅÎÔ ÄÅÓÃÅÎÔ ÁÌÇÏÒÉÔÈÍȩ ) ÔÈÉÎË ÉÔ ÄÏÅÓÎȭÔȢ ×Å 
only care about the gradient of the cost function w.r.t the parameters. The value of the 
cost itself is not indicative for anything, for example the minimum value can be very 
large.) Then we want to back propagate this first gradient through the cost module. 
The cost module is a function. The logsoftmax in this case. So we need to calculate the 
jacobian of the logsfotmax function (how each input affects each output). Then we can 
multiply the cost gradient value with respect to itself with the jacobian of the 
logsoftmax to get the gradient of the cost with respect to the input to the cost function.  

 

As I understand it, using softmax (and so logsoftmax as the cost function) there is one gradient propagated back for each 

example. While in the mean square error for example, each output neuron contributes a distinct gradient and their 

contributions are added. Is this correct? No. all cost functions output a scalar value which is the total cost of the current input. 

In order to find the gradient vector to back propagate in the other modules, you need the jacobian of the cost function with 

which you multiply  by 1. If the input to the cost function is a vector and the output a scalar, the jacobian is a vector. Multiplied 

by a scalar gives the gradient vector.  

 

Backpropagation through a softmax. Finding this jacobian 
is a good exercise.  

 

 

nn.CrossEntropy Loss()  

CrossEntropyLoss is mainly used for multi-class classification 

it takes a Y which is not one hot encoded (the first label would be Y=[0], the second label Y=[1] etc.) 



it takes a y_pred which contains the logits (not the softmax of them because crossentropy loss calculates the softmax and then 

the negative log of it internally) 

 

nn.BCELoss() 

mainly used for binary classification 

have in mind the binary cross entropy loss for binary classification problems (two classes 0 or 1) 

 

bceloss vs crossentropyloss  

When CrossEntropyLoss is used for binary classification, it expects 2 output features. Eg. logits=[-2.34, 3.45], Argmax(logits) 

ќclass 1 

When BCEloss is used for binary classification, it expects 1 output feature. Eg 1. logits=[-2.34]<0 ќclass 0; Eg 2. logits=[3.45] 

>0ќclass 1 

For CrossEntropyLoss, softmax is a more suitable method for getting probability output. However, for binary classification 

when there are only 2 values, the output from softmax is always going to be something like [0.1%, 99.9%] or [99.9%, 0.1%] 

based on its formula. Eg. softmax([-2,34, 3,45])=[0.3%, 99.7%]. It does not represent meaningful probability. So softmax is 

only suitable for multi-class classification.  

 

 

 

 

 

nn.NLLLoss 

Negative loss likelihood 

The cross-entropy loss and the (negative) log-likelihood are the same in the following sense: )Æ ÙÏÕ ÁÐÐÌÙ 0ÙÔÏÒÃÈȭÓ 

CrossEntropyLoss to your output layer, ÙÏÕ ÇÅÔ ÔÈÅ ÓÁÍÅ ÒÅÓÕÌÔ ÁÓ ÁÐÐÌÙÉÎÇ 0ÙÔÏÒÃÈȭÓ .,,,ÏÓÓ ÔÏ Á LogSoftmax layer added 

after your original output layer. 



 

 

 

 

 

Mean square error  

It is good for regression problems (continuous output instead of discrete output like classification). You might see it as  

1/n*|| y ɀ y|| 2 (the L2 norm) instead of sum of individual differences. (The L1 norm is the sum of the absolute values of the 

difference instead of the squares of the difference.). the L2 norm is the Euclidean distance of the vector. We need to square it 

so that the value shows the mean square error and not the square root of the mean square error.  

 

NLL (Negative logarithm likelihood) loss  

Logsoftmax is a special case of this category. If the output has come out of a softmax, then this method is actually the 

logsoftmax.  

 

Adaptivelogsoftmax  

It used in cases in which you have extremely large number of classification categories. For example, in language models where 

you have to predict the next possible word and the ANN gives a probability to all words of the vocabulary. This method is 

actually neglecting the low probability classes.  

 

marginRankingloss  

You ensure that the correctly predicted output will have at least a margin (distance) with the next most probable one.  

 

 

 

 

 



Multiplicative modules (attention)  

 

In these modules the weights w are the result of 
another ANN with weights u. This way, z can 
activate or deactivate certain parts of the Wx 
network. Specific z can make some weights 0 
and others 1, essentially deactivating/activating 
parts of the network. This effect was named 
attention which is probably a bad name. The 
reason is that z makes the system to pay 
attention in some parts of its network and 
ignore others.   
It is called quadratic becomes you end up 
multiplying z and x to calculate s, so if x and z are 
the same thing you get a quadratic formula (a 
square).  
 

This module is used a lot and can implement switches. 

 

Soft switch 

Assume that the system is fed with one common input, z=x1=x2. The u module is a softmax. In the simple case where w1 and 

w2 are scalar values and not matrices, softmax receives an input vector of 2 dimensions (2 values) and outputs 2 values 

between 0 and 1 which sum up to 1. These two values are the weights of the subsequent modules, w1 and w2. If it produces 1 

and 0 then it selects the first part of the network and deactivates the other completely. If softmax gives intermediate values 

then you get a linear combination of the two networks. So it is a soft switch between the two networks. Notice that softmax 

learns to decide to which part of the system to forward a certain input. Or in other words learn to decide to which part of the 

input space each subsequent network is an expert to. This mechanism is used to build mixture of experts systems. The large 

google language model with billions of parameters is such an implementation.  

 

 

The Gater learns to decide to which part of the space each 
expert is an expert on.  
 
Assume you build a speech recognition system. It should 
be able to process more than one languages that are 
similar to each other. A new sound is received. Each 
expert can process one language. Gater decides to which 
language the sound belongs and forwards it to the 
corresponding expert. 
 
)Æ ÙÏÕ ÓÉÍÐÌÉÆÙ ÉÔ ÉÎ ς ÄÉÍÅÎÓÉÏÎÓȢ 9ÏÕÒ ÄÁÔÁ ÁÒÅÎȭÔ ÌÉÎÅÁÒÌÙ 
separable. But you can eventually do this nonlinear 
classification with 3 linear classifiers in parallel one of 
which decides which expert to use. See the picture.  
 
This is a module in pytorch. You can just add it. it does 
automatic differentiation to compute the gradients and 
perform backpropagation. 
 
Notice that softmax in this case outputs a 2d vector while 
the weight matrices are scalars. In the general case you 
would have higher dimensions. And you get a product of 
x1 (and x2 etc.) with a slice of the softmax output (a slice 
of this tensor) 
 
Some notes  
¶ A single layer ANN is a linear classifier 

¶ 4ÈÅ ȰÁÒÇȱ ÐÒÅÆÉØ ÉÎ ÇÅÎÅÒÁÌ ÍÅÁÎÓ ÔÈÁÔ ÉÎÓÔÅÁÄ ÏÆ 

using the value we use the index of the value. 



 

 
Backpropagating through an addition operation is 
copying the gradient to all inputs of the addition 
operation. It is as if all weights of the addition operator 
are 1.  

 

Hard switch  

9ÏÕ ÃÁÎ ÉÍÐÌÅÍÅÎÔ Á ÈÁÒÄ Ó×ÉÔÃÈ ÔÏÏ ɉ×ÉÔÈÏÕÔ ÁÎÙ ÌÉÎÅÁÒ ÉÎÔÅÒÐÏÌÁÔÉÏÎ ÂÅÔ×ÅÅÎ ÎÅÔ×ÏÒËÓȟ ÉÔȭÓ ÏÎÅ ÏÒ ÔÈÅ ÏÔÈÅÒɊȢ  

 

 

 

A generic case where the weights of the G(x,w) 
module are themselves a function H(u) of another 
input u. you minimize the cost by tuning u. this tunes 
indirectly the weights w. (these network are also 
called hypernetworks) 
 
The second picture, is a special case of this 
architecture where H(u) is just a copy. The parameter 
u (assume it is scalar here) is copied multiple times 
and creates a w vector whose values are all u.  
 
Backpropagating through a module that copies its 
input  ɉÌÅÔȭÓ ÓÁÙ ÉÔÓ ÓÃÁÌÁÒ ÉÎÐÕÔɊ ÔÏ Á ÖÅÃÔÏÒ ×ÈÅÒÅ ÅÁÃÈ 
value of the vector is a copy of the input, is adding the 
gradients of all copies.  
And vice versa, back propagation through a module 
that adds, is copying the gradient to all components of 
the addition.  
 
This architecture is used a lot, and it is the basis for a 
technique called shared weights, used in 
convolutional nets where you want to identify motifs 
in any position of the input (motif in an image, in a 
timeseries etc.). You copy the same module in all 
positions of the input. The weights of the copied 
module are w.  
You can map this to the previous simple example 
where the scalar parameter u is copied to create the 



 

vector w and the gradient of u is the sum of the w 
gradients. Here the W matrix is the u parameter, 
which is copied multiple times to form a higher order 
matrix with its copies. Then the gradient of w is the 
ÓÕÍ ÏÆ ÔÈÅ ÇÒÁÄÉÅÎÔÓ ÏÆ ÅÁÃÈ ÍÏÄÕÌÅȭÓ ×Ȣ  
So this way you can copy (or slide) a module to the 
whole input and train the weights of this basis module 
by adding the gradients of all positions of the module. 
Essentially you can think of it as a big module 
assembled by a basis module and the weights of this 
basis module (of this region of the assembled module) 
are shared (copied) with other regions of the 
assembled module. The parameters that need to be 
tuned in this case are the weights w of the submodule 
that assembles the big module.  

During inference you just have to slide the component over the input. During training: Backpropagating through a max 

function ÐÒÏÐÁÇÁÔÅÓ ÇÒÁÄÉÅÎÔ ÏÎÌÙ ÔÏ ÔÈÅ ÍÁØÉÍÕÍ ÃÏÍÐÏÎÅÎÔȢ 4ÈÅ ÏÔÈÅÒ ÃÏÍÐÏÎÅÎÔÓ ÔÉÎÙ ÐÅÒÔÕÒÂÁÔÉÏÎ ɉÄØɊ ÄÏÅÓÎȭÔ ÁÆÆÅÃÔ ÔÈÅ 

output. So, during training a system with shared weights with a max fnction only changes the parameters of the component 

that has the maximum ÏÕÔÐÕÔȢ 4ÈÅ ÇÒÁÄÉÅÎÔÓ ÏÆ ÔÈÅ ÏÔÈÅÒ ÍÏÄÕÌÅÓ ÁÒÅ πȢ 3Ï ÔÈÅÙ ÄÏÎȭÔ ÃÏÎÔÒÉÂÕÔÅ ÔÏ ÔÈÅ ÓÕÍÍÁÔÉÏÎ ÏÆ 

gradients that calculates the total parameters gradient. But if the operation is a softmax then the other components gradient 

contributes to the total gradient.  

 

The gradients are summed (or accumulated). This is the reason why PyTorch accumulates gradients by default. To make it 

easy to work with this very common architecture used in convolutional and recurrent artificial neural networks.  

 

RNNs 
In a nutshell  

 

 
 
You must think of this unfolded across time acyclic neural 
network of the picture as the real network you train. This 
unfolded network is the RNN. The larger the sequence, the larger 
the number of copies of the basic module, and the larger the total 
RNN is. 

The delay module acts as a memory. It stores the 
current produced state z(t), to reuse it as input to the g 
module in the next step. Z is a recursive function (it 
calls itself). Time is discretized. This architecture 
allows the NN to have a memory. It is useful for 
processing sequences. Both time or spatial sequences. 
The input is a sequence, x(0), x(1), x(2) etc. It is a cyclic 
graph, but the trick is that it is  unfolded in time  so it 
becomes acyclic. The z(t) state goes to the g function of 
the next step not of the same step. The encoder and 
decoder have trained parameters too that are also 
shared across time.   
 
Notice that the parameters of g are the same across 
timesteps. So, we can think of it as a module that it is 
copied across the input. This means that during 
training we can sum the gradients of each timestep 
to calculate the total gradient  w.r.t the parameters w 
of the g function. So, you get the first input of the 
sequence x(0), lets say a word, and the RNN outputs a 
y(0). You get a cost gradient that is backpropagated 
through G to get the gradient with respect to w. You 
accumulate that gradient. Then the next input comes. 
You have a new output and a new cost and a new 
gradient. You backpropagate it and add it to the 
previous. And so on, until the whole sequence is 
processed. The gradient with respect to w is the total 
sum of gradients. This is one epoch. Then you continue 
to the next epoch with a new sequence and so on. 



 
The hidden state z is a representation of the previous inputs. z(1) 
is a representation of inputs x(0) and x(1) and it will affect both 
the next hidden state and the output of the rnn (the y).  

Another way to think of an RNN is as a multilayer NN 
where the state z is the output of each layer. Every 
layer is the same. And a new input is added to each 
ÌÁÙÅÒȭÓ ÏÕÔÐÕÔȢ  

 

Traditionally it was very difficult to train large vanilla RNNs (where the G module is a sigmoid and a linear module, GRUs and 

LSTMs solve short memory caused by vanishing gradients), because of exploding or vanishing gradient/state. In typical ANNs 

the problem is significant when you have many layers. In RNNs the problem appears when you have many sequence steps 

(when you want to train it with large sequences). A state z(1) is the output of the module g. Forget for a moment the input x. If 

g is a linear module that transforms z by scaling it, then the state z will explode as you go. The same with the gradient (the 

transpose of a diagonal matrix is the same diagonal matrix). So, the state z and the gradient of z are the components facing the 

explosion/vanishing problem. Me: When you have this problem, then essentially the network is trained only by some part of 

the input space (of the input sequence). For example, in the vanishing gradient case, the first parts of the sequence are ignored 

since the gradient there is close to 0. So there is no point on having large vanilla RNNs.  

 

 

Plain vanilla RNNs have short memory  due to the vanishing gradients 
problem. In this example where we see the state colored, the effect of the 
×ÏÒÄ Ȱ×ÈÁÔȱ ÇÒÁÄÕÁÌÌÙ ÆÁÄÅÓ ɉÉÔȭÓ ÃÏÎÔÒÉÂÕÔÉÏÎ ÔÏ ÔÈÅ ÓÔÁÔÅ ÆÁÄÅÓɊȢ 4ÈÉÓ 
issue is tackled with LSTMs and GRUs (as a G module). Although vanilla 
2..Ó ÃÁÎ ÓÔÉÌÌ ÂÅ ÕÓÅÆÕÌ ÉÆ ÙÏÕ ÄÏÎȭÔ ÒÅÑÕÉÒÅ ÌÏÎÇ ÍÅÍÏÒÙ ÂÅÃÁÕÓÅ ÔÈÅÙ ÁÒÅ 
faster to train (less tensor operations).  

 

 

 

Ways to tackle exploding/vanishing state/gradient in RNNs (in general) 

 

A way to tackle exploding gradients is to use a sigmoid like 
ÎÏÎÌÉÎÅÁÒÉÔÙ ÉÎ 'Ȣ ÂÕÔ ÔÈÁÔ ÄÏÅÓÎȭÔ ÔÁÃËÌÅ ÖÁÎÉÓÈÉÎÇ 
gradients.  

 

Some details on the reasons of vanishing gradients in vanilla RNNs  

How stable state is memory 

The state is the thing that remains from the previous processing and affects the current processing. Imagine that the state 

ÄÏÅÓÎȭÔ ÃÈÁÎÇÅ ÁÆÔÅÒ ÔÈÅ ÔÈÉÒÄ ÃÏÍÐÏÎÅÎÔ ÏÆ ÔÈÅ ÓÅÑÕÅÎÃÅȢ )Ô ÒÅÍÁÉÎÓ ÓÔÁÂÌÅȢ 4ÈÉÓ ÍÅÁÎÓ ÔÈÁÔ ÔÈÅ ÎÅØÔ ÕÎÉÔÓ ×ÉÌÌ ÂÅ ÁÆÆÅÃÔÅÄ by 

this state which is the result of the first 3 components of the sequence. Essentially the system stores a representation of the 

effect of the first 3 components and use it to affect the processing of the current component. So if a component of the sequence 



needs to take into account something that happened a long time ago in the sequence, it can do it if the state could remain 

stable between the time of interest and now. The system can learn to do this.  

 

Stable state means vanishing gradients 

3ÔÁÂÌÅ ÓÔÁÔÅ ÔÈÏÕÇÈȟ ÍÅÁÎÓ ÖÁÎÉÓÈÉÎÇ ÇÒÁÄÉÅÎÔÓȢ "ÅÃÁÕÓÅ ÉÆ ÔÈÅ ÆÉÒÓÔ ÓÔÁÔÅ ÉÓ ÐÅÒÔÕÒÂÅÄ Á ÂÉÔ ÔÈÅ ÏÕÔÐÕÔ ÓÔÁÔÅ ÄÏÅÓÎȭÔ ÃÈÁÎÇÅ. 

Which means the gradient is 0. This was published in a paper by Bengio in mid 90s and was thought to be the main reason you 

ÃÁÎȭÔ ÕÓÅ 2..ÓȢ "ÅÃÁÕÓÅ ÉÆ ÙÏÕ ÈÁÄ ÍÅÍÏÒÙ ɉÓÔÁÂÌÅ ÓÔÁÔÅɊ ÙÏÕ ×ÏÕÌÄÎȭÔ ÂÅ ÁÂÌÅ ÔÏ ÔÒÁÉÎ ÔÈÅ 2..Ȣ "ÕÔ ÕÌÔÉÍÁÔÅÌÙ ÔÈÉÓ ÃÏÎÃÌÕÓÉÏÎ 

was wrong. It was shown that you can have memory without a stable state. The concept is that instead of the state being 

stable, it is transformed linearly for example rotating it (the state vector). If you know these rotations, you can rotate it back 

with the opposite angles and get the state of a few steps back. Is this what GRU and LSTM G modules do?   

 

How you keep the state stable 

 

 

A memory module 
This is how a memory module is implemented in some electronic systems. It is 
implemented similarly in RNNs. Its goal is to keep the state stable.  
 
Assume we start with x(0)=0 and s0=-1. The w is a scalar parameter. It is multiplied by 
s0 to give z0=-w. -w passes through the sigmoid and gives output -1. If you are in the 
flat part of the sigmoid then no matter the perturbations of x, the s0 remains stable at -
1. If it receives a large positive x and will go to +1 and will stay there if the 
perturbations of x keep the sum in the flat region of the sigmoid. If the s0 is between 0 
and +1 it will move quickly to +1. If it is between -1 and 0 it will move quickly to -1. So -
1 and +1 are the state attractors. It is a bistable system where it can settle in one of two 
states.  

 

You can think of a simple RNN as a sequence of modules 
like this where the G module is a sigmoid and a linear 
module . In this system, as we said, the state is bistable, and 
ÙÏÕ ÈÁÖÅ ÔÈÅ ÖÁÎÉÓÈÉÎÇ ÇÒÁÄÉÅÎÔ ÉÓÓÕÅ ÓÏ ÙÏÕ ÃÁÎȭÔ ÔÒÁÉÎ ÔÈÅÍȢ  

 

Some types of G(x,z,w) modules 

1. GRU 

2. LSTM 

"ÕÔ ÈÏ× ÔÈÅÓÅ ÍÏÄÕÌÅÓ ÔÁÃËÌÅ ÔÈÅ ÖÁÎÉÓÈÉÎÇȾÅØÐÌÏÄÉÎÇ ÓÔÁÔÅ ÉÓÓÕÅȩ 4ÈÅÙ ÄÏÎȭÔ ÈÁÖÅ ÔÈÅ ÐÒÅÖÉÏÕÓÌÙ ÄÅÓÃÒÉÂÅÄ ÍÅÃÈÁÎÉÓÍ ÏÆ Á 

vanilla RNN for creating a stable state. So, the state is not stable when you use these modules. This solves the vanishing 

gradients pÒÏÂÌÅÍȢ "ÕÔ ÈÏ× ÔÈÅÙ ÈÁÖÅ ÌÏÎÇ ÍÅÍÏÒÙȩ 9ÏÕ ÃÁÎ ÓÏÍÅÈÏ× ÕÎÄÏ ÔÈÅ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎÓ ÆÒÏÍ ÌÅÔȭÓ ÓÁÙ ςυ ÓÔÅÐÓ ÂÁÃËȟ 

get the state at that point and use it? Maybe their internal structure allows them to learn to do this.  

 

The main point in these modules is that they remember by default (by default the state remains intact) and they have NNs that 

learn to slightly modify the state when needed. These NNs act as gates. (So they are actually a version of the neural ODE). They 

learn what information of the state to retain and what information from the observation to use to update the state. They do 

this with the use of sigmoids where output close to 0 means forget and close to 1 keep. This way they can learn to remember 

important  observations that happened long ago in the sequence. https://www.youtube.com/watch?v=8HyCNIVRbSU  

 

Neural ODE (just have in mind) 

https://www.youtube.com/watch?v=8HyCNIVRbSU


 

Neural ordinary differential equation. Another 
version of a RNN. It is used when you want to 
predict phenomena that obey differential equations 
(physics, video games, timeseries prediction etc.). 
For example the orbit of a throwing ball. The input 
data are the past position and momentum, and you 
want to predict the new position and momentum.  
 

So, in these cases, the z function (the state of the RNN) is an equation that describes this natural phenomenon, the equation for 

position and speed and the g function is its time derivative (it shows how z changes with time). So the difference with the 

standard RNN is that now the function g is the derivative of z with respect to time instead of being simply z. so the module that 

gets h and produces z, instead of computing a new z(t) in every step as before, it updates the old z  (z(t-1)) with the g function.  

x is the observation. Z is the state of the system you are observing (position and momentum). Y is a prediction. So, you want 

your system to learn the differential equation that describes this phenomenon by observing a sequence of x (or and y) 

 

GRU 

 

0ÒÏÐÏÓÅÄ ÉÎ ςπρτȢ )ÔȭÓ Á ÓÉÍÐÌÉÆÉÃÁÔÉÏÎ ÏÆ ,34-Ȣ  
 
In this picture the notation is different. H(t) is z(t) 
and z(t) is something internal to the G module. ɮ 
ÉÓ ÔÈÅ ÔÁÎÈȢ 4ÈÅ ÓÙÍÂÏÌ ȰÃÉÒÃÌÅ ×ÉÔÈ ÄÏÔȱ ÍÅÁÎÓ 
term by term multiplication here.   
 
It has a way to reset (forget the past). If z(t) is 0 
then the previous state is ignored, and the output 
is only the part that is added to the 0 (the tanh 
part). All these parameters that make z, r and h 
are learned. So, it will learn when to reset and 
when to use the previous state. Or in other words 
when to forget and when to remember.  

This is an elementary module that exists in PyTorch.  

 

LSTM 

 

Proposed in 1997, forgotten and 
came back at early 2010s. in 2014 
multi layer LSTMs used for 
translation with very good results. 
Eventually replaced by 
transformers for this task.  
 
The main idea is that it too 
remembers by default, and you 
have NNs that learn to slightly 
modify the state when needed. It 
also has a way to reset (forget the 
past).  
 
The LSTM has two states. Apart 
from the hidden state h it has a cell 
state too.  



 
 

Sequential autoregressive generation of text using multi layer LSTM.  

 

The 2nd stage LSTM computes an abstract 
representation of the sequence. Paper of 2014 
had 4 layers of LSTM to reach the final 
representation of the sequence. If you train it 
correctly then this representation will 
represent the entire sequence in an 
appropriate way. In this case, the highest 
representation of the input sequence 
represents the meaning of the sentence 
independently of language .   

You feed this to another multi layer LSTM. It takes a null marker as the first observation, it goes through multiple layers and at 

the end it produces an output y which is a word in another language (a probability distribution over the words of a language, 

but you pick one word). Then this produced word, becomes the observation for the next time step. It is fed as input to 

ȰÄÅÃÏÄÅÒȱ ÍÕÌÔÉ ÌÁÙÅÒ ,34- ÁÎÄ ÓÏ ÏÎȢ 4ÈÉÓ ÓÙÓÔÅÍ ÈÁÄ ÓÌÉÇÈÔÌÙ ÂÅÔÔÅÒ ÐÅÒÆÏÒÍÁÎÃÅ ÔÈÁÎ ÔÈÅ ÓÔÁÔÅ ÏÆ ÔÈÅ ÁÒÔ ÃÌÁÓÓÉÃÁÌ 

translation systems based on statistical models. But it was a huge network that required a lot of gpus. So, the next evolution, 

which are smaller systems easier to train, was transformers which are systems that use attention. 

 

Examining the word embeddings  

PCA analysis on the word embeddings (the axes are the two 
principal components of the embending) 

 

 



King-man+woman=queen 
Distance between king and queen is same with that 
between man and woman.  

 
 

 

Transformers  

 

Instead of producing a single representation for 
the whole sequence as multi layer lstms do, the 
decoder part of the system, pays attention only to 
some part of the input sequence in order to 
produce its output y. this is very useful since it 
allows you to avoid the multi layer encoding part 
of the system that produces this compact 
representation. This attention mechanism might 
be very useful in translation because in some 
languages the word order is different. So an 
output word might need to pay attention to a 
different part of the input sequence.  
In a nutshell the attention module is a softmax 
which decides to which parts of the input 
sequence to switch to (mixture of experts 
approach).  

 

!ÌÆÒÅÄÏȭÓ ÌÁÂ 

You can apply RNNs to multi dimensional input (x sequence, y sequence, z sequence) 

 

RNN applications  

 

1. Vector to sequence of vectors (image to 

description) 

2. Sequence to vector (Sentiment analysis) 

3. Sequence to vector to sequence (used to be used for 

translation)  

4. Sequence to sequence  

 

  

Inference in RNN 



 

h(t -1) is concatenated with x(t) and the combined vector 
is multiplied by the Wh weight matrix.  
 
The Wh matrix can be written as the concatenation of two 
submatrices, one for x(t) one for h(t-1) 

 

Backpropagation through time 

 

The gradient of the cost of t+1 goes back not only to the 
t+1 parameters but to all previous ones too (and is added 
with the gradients of the other timesteps). 
 
 
 
 
 
 

 

In practice  

 

 

We split the input sequence to batches (for better 
performance). When we give a-b-c as input we want the RNN 
to output b-c-d. a->b, b->c, c->d. so I gave 3 timesteps to get 3 
output timesteps. Notice that this means that the Back 
Propagation Time period (BPTT) is 3, we backpropagate 
through 3 timesteps.  
Notice that the first timestep input is agms not just a. this is the 
meaning of having a batch. As in a normal NN having a batch 
means inputting a lot of examples at once.  
1st example  
1st timestep: a  2nd timestep: b  3rd timestep: c 
2nd example 
1st timestep: g  2nd timestep: h  3rd timestep: i  
Etc. 
A batch means many examples at once, so the first timestep 
will be the concatenated input of all examples. Agms 
 
We train on small sub sequences of the whole sequence (give 
abc and backpropagate on that, then bcd and backpropagate 
ÅÔÃȢ ÉÎÓÔÅÁÄ ÏÆ ÔÈÅ ×ÈÏÌÅ ÓÅÑÕÅÎÃÅ ÁÔ ÏÎÃÅ ȰÁÂÃÄÅÆȱȢ 4ÈÅ ÌÏÎÇÅÒ 
the sequence the larger the computation graph and the larger 
the memory needed. The limiting factor is the available 
memory.  



 
 

 

Misc 

The Kelley-Bryson method 

The Kelley-Bryson method (aka the adjoint state method) from 1962 is what we call backprop through time (+ gradient 

descent). But realizing that you could use this to train multilayer non-linear neural net, and actually making it work, didn't 

happen until the mid 1980s.  

 

 

 

CNNs 

Intro  

Data must have local correlation . Where two nearby values of the input vector are usually very similar with each other. For 

example in images there is a very high chance that if you get two nearby pixels their color will be very close. So the patterns 

you observe in a small area of the picture (of the size of the kernel) do not cover all the possible patterns of the image 

(combinations of pixels) which would be the case if the pixels were random. If you randomly permutate the pixels CNN will not 

work properÌÙȢ ! ÆÕÌÌÙ ÃÏÎÎÅÃÔÅÄ ÎÅÔ ÔÈÁÔ ÄÏÅÓÎȭÔ ÃÁÒÅ ÁÂÏÕÔ ÔÏÐÏÌÏÇÙ ÏÆ ÔÈÅ ÉÎÐÕÔ ÄÁÔÁ ×ÏÕÌÄ ×ÏÒË ÂÅÔÔÅÒ ÂÕÔ ÉÔ ÃÏÍÅÓ ×ÉÔÈ 

the cost of having more parameters.  

They can detect motif regardless of their location in the input. 

 

 

You have some detector layers (they are 
convolutional masks or kernels). They show weight 
values. Black means positive weight, white negative, 
grey 0 weights. The picture is 500 pixels. The 
detector is 25. You slide the detector across the input 
and calculate a weighted sum value for each position 
(dot product, element wise product).  
You mark this value in the weighted sums layer which 
is a feature map. The feature map will have large 
values in the places where the current feature is 
present in the input. Each node of the feature map 
represents the activation or not of this feature 
detector. White means negative values black means 
positive. The most black areas are where this feature 
was detected.  
Then you add a bias and pass this through a non-
linearity like relu with threshold, that keeps only the 
large positive parts for example. This operation gives 



 
 
The detectors are a set of coefficients. They are called filters or 
convolutional kernels or masks. You have one convolution for each 
kernel.  

a new image. You get one such image for each 
detector. Then you pass these resulting images of all 
detectors through a linear classifier. This means that 
in this case, the input to the linear classifier is 3 times 
the size of the input image (the size of the input 
multiplied by the number of detectors) 
If it has two positive areas for the first detector and 
no positive for the last two detectors it might learn to 
classify it as a C. It might compute the sum of those 
ÍÁØÉÍÕÍ ɉÔÈÒÅÓÈÏÌÄÅÄɊ ÖÁÌÕÅÓ ÓÏ ÉÔ ÄÏÅÓÎȭÔ ÃÁÒÅ 
where the positives are.  
 
The detector has equal number of positive and 
negative weights so that when all inputs are the same 
it sums to 0 (the dot product with the input is 0).  
You can train this system with backprop and learn 
the feature detectors.  

 

This process of taking a small pattern of coefficients and sliding it over the input is called discrete convolution. It is actually a 

different type of a linear function, different from the typical weighted sum. it is different in two ways. 

 
This first layer is a convolutional layer. It is a function in pytorch that 
you can easily add to your model. 

1. Weights are localized.  

The nodes of the first layer are not fully connected 
to the nodes of the input. You can think of it like 
ÔÈÉÓȢ %ÁÃÈ ÎÏÄÅ ÏÆ ÔÈÅ ÆÉÒÓÔ ÌÁÙÅÒȟ ÏÎÌÙ ȰÌÏÏËÓȱ ÁÔ Á 
specific location of the input and it looks at it 
through a specific mask (the detector). Think of a 
mask as a set of weights (not nodes). Each mask will 
affect it differently for the same input. And for each 
node, instead of getting one weighted sum as in the 
typical linear module where you sum the 
contribution of all input nodes and all weights, you 
get one weighted sum for each mask where you 
only sum the input nodes of the location the layer 
node looks at.  
 

2. Weights are shared 

All nodes of the first layer look at their own location 
through the same mask. So they all use the weights 
of this mask. They share the same weights for each 
mask. 

 

Convolution  

 

Pytorch uses the cross-correlation formula but it calls it 
convʋlution. They are the same thing essentially. The 
weights W are constant.  

 
The output is the same size of the input, minus the border 
effects.  

 

Backpropagation through convolution 



 

Convolution is a linear operation, so  
the gradient with respect to the input vector x is a 
multiplication of the incoming gradient with the 
transpose of the weight matrix. One x value influences 
ÌÅÔȭÓ ÓÁÙ σ Ù ÖÁÌÕÅÓȢ 9ÏÕ ËÎÏ× ÔÈÅ ÇÒÁÄÉÅÎÔ ÏÆ ÔÈÅ ÃÏÓÔ 
with respect to every y. the gradient with respect to one x 
value (xi) is the sum of the gradients of the y values it 
influences multiplied by their weights.  
Gradient with respect to the weights. the gradient of one 
weight wj, typically is the gradient of the y value 
multiplied by the x value. But in convolution the same 
weight is used multiple times since the weights are 
shared (you slide the kernel so you slide the weights) so 
we add the gradients of all y values the weight is 
connected to.  

 

Types of convolutions 

 

Stride  
Stride of 2 means that we move the kernel by 2 steps 
instead of 1. It is subsampling actually. It reduces the 
size of the output.  
 
A trous (dilating convolution) 
Some weights of the kernel are 0. It is useful if you 
want your output nodes to have a wider perception 
field but without increasing the number of weights 
(parameters) too much.  

 

Same convolution 

A same convolution is a type of convolution where the output matrix is of the same dimension as the input matrix. This is 

ÁÃÈÉÅÖÅÄ ×ÉÔÈ ÐÁÄÄÉÎÇ ɉÓÅÅ ÁÌÆÒÅÄÏȭÓ ÌÁÂɊ 

 

Same convolution: A same convolution is a type of convolution where the output matrix is of the same dimension as the input 

matrix. It achieves this with the use of padding. (Handling border effects) 

 

Padding  
In order not to mess the matrices size, you need to 
add some input units with 0 value, and perform a 
convolution there too. this way the size of the 
output is the same as the input. The 0 input unit will 
just contribute 0 to the result of the new output 
unit.  
 
This way we pad 2 additional output units.  
 
Notice that we prefer ÏÄÄ ÎÕÍÂÅÒ ÆÏÒ ÔÈÅ ËÅÒÎÅÌȭÓ 
receptive field so that we pad an integer number of 
units. This means that the number of input units will 
be the same as the number of output units. You have 
one to one correspondence. Otherwise if you have 
one output unit corresponding to more than one 
input unit you wil l have a blur effect.  

 



 

 

Pooling 

It eliminates a bit of information about the precise location of where a feature is detected. For example. You might have a 

feature detected in the first node and in the second node. The pooling will be activated no matter if the feature is in the first or  

second node. So it eliminates some information about the precise location of the feature. This adds to the robustness of 

convnets with respect to the location of features.  

 

 

You aggregate neighboring values by subsampling.  
You can pool over 4 units and shift over 2 so there 
might be overlap in the pooling.  
Subsampling ratio = 2 means that you go from n 
values to n/2 values if you have no overlap in the 
pooling.  
 
The pooling operation is an aggregation which 
must be permutation invariant. This means that it 
should not be influenced by change in the order of 
the input values.  
 
The most famous pooling function is Max pooling.  
 
Logsumexp pooling. B -> 0 then it is average 
pooling. B -> inf is max pooling. B -> -inf is min 
pooling.  

 

Kernels must be of odd number (for example 5*5 or 7*7 in an image) so that you can have a central point (a central pixel)   

 

Calculate the size of the output image after a convolution  

 

This is the formula 

 

 

 

1d, 2d and 3d convolutions  

In 1D CNN, kernel moves in 1 direction. Input and output data of 1D CNN is 2 dimensional. Mostly used on Time-Series data. 

In 2D CNN, kernel moves in 2 directions. Input and output data of 2D CNN is 3 dimensional. Mostly used on Image data. 



In 3D CNN, kernel moves in 3 directions. Input and output data of 3D CNN is 4 dimensional. Mostly used on 3D Image data 

(MRI, CT Scans, Video). 

 

The architecture of a CNN 

 

 

 
In the animation, the higher level feature map 1 is the sum of the 
individual feature maps produced by the dot product of the input 
with each one of the kernels 0, 1 and 3. 4ÈÅÓÅ ȰÉÎÔÅÒÍÅÄÉÁÔÅ ÆÅÁÔÕÒÅ 
ÍÁÐ ÃÏÍÐÏÎÅÎÔÓȱ ÁÒÅ ÎÏÔ ÓÈÏ×Î 

Each feature map after pooling, passes through a 
different kernel. The result for each kernel is added 
with the others. This sum is the feature map of the 
next layer. This summation allows the second layer 
feature maps to detect combinations of features 
detected in the previous layer.  
You can think of the feature maps of a layer as 
channels ɉÓÅÅ ÁÌÆÒÅÄÏȭÓ ÌÁÂɊȢ %ÓÓÅÎÔÉÁÌÌÙȟ ÔÈÅ ςÄ 
input signal (black and white input image) is 
transformed to a 3d signal where the third 
direction is the number of feature maps (so the 
32*32*1 is transformed to a 28*28*6 in the LeNet 
ÅØÁÍÐÌÅȢ )ÔȭÓ ÇÅÔÔÉÎÇ ÓÍÁÌÌÅr because at the time 
there was no use of padding in convolution to 
tackle the border effects). The kernels of the next 
layer are applied to a multi-channel signal. This 
means (as described in alfredoȭÓ ÌÁÂɊ ÔÈÁÔ ÅÁÃÈ 
kernel sees at each layer with a different set of 
weights (as if it is a different kernel for each 
channel) and you get one feature map for each 
channel. Then you add these channel feature maps 
to get a new combined feature map on the next 
layer. You repeat for every kernel. This example 
has 12 kernels in the second layer (so each kernel 
sees at 4 channels and that gives you a total of 
12*4=48 sets of weights as I understood). 
 
Suppose that you use two kernels in the first layer. 
One detects vertical edge and the other horizontal 
edge. You get two feature maps. Then each feature 
ÍÁÐÓ ÐÁÓÓÅÓ ÔÈÒÏÕÇÈ ÁÎÏÔÈÅÒ ȰËÅÒÎÅÌȱ ɉÔÈÅ ÓÅÔ ÏÆ 
weights of the kernel for this channel)  and 
produces two new feature maps that are added 
with each other to produce a common new feature 
ÍÁÐȢ 4ÈÅÓÅ ÎÅ× ȰËÅÒÎÅÌÓȱ ÍÉÇÈÔ ÅÎÄ ÕÐ ÂÅÉÎÇ Á 
corner (an intersection between a horizontal and a 
vertical edge) in which case the common feature 
map represents the activation of corner features.  
 
Usually the pooling does subsampling so the 
pooled feature maps are low resolution versions of 
the unpooled.  
 
Notice that at the final layers you get 
representations of the input with almost no spatial 
information about it . the reason is that you apply 
subsampling in each layer and summation of 
feature maps. So a unit of the final feature map is 
influenced by a big part of the input.  

 



 

In the final layer the convolution kernel has the same 
size as the height of the last feature map so the 
resulting feature map is 1d and not 2d.  
This collection of the final (1d in this case) feature 
maps is the representation of the input image and it 
is the input to the classifier (which might have 
multiple layers) 

 

 
 

Visual cortex 

 The optical nerve has 1 million fibers. So the input to your cortex is a vector of 1million units (or an 
image of 1 million pixels). Actually the resolution of the retina is higher around 60 million pixels but 
it has a few layers of neurons before the optical nerve that subsample the image to 1 million pixels 
so that it can pass through the optical nerve.  
 
There are two path ways in vision, the ventral stream that deals with object recognition (this is 
where convents apply) and the dorsal stream that deals with vision for action (analysis of motion 
and spatial relations, calculate relative positions so that you can grab an object etc.) 
 
 It needs 100ms (1/10 sec) for a visual signal to be processed by the ventral stream (to have an 
output). It needs to be quick since it has to do with predators fast detection etc.  

 

Invariant equivariant  

Local translation invariance  

 

Applications 

Convents for image generation 

 

Convent Input data 



 
Time-frequency representations (for example spectrogram) 
The value (depicted as a color or more precisely a grayscale value) is 
the energy of the signal in that particular time for that particular 
frequency band.  

Input data can be timeseries or multiple 
timeseries for example a multi -channel one 
dimensional array. Instead of one item of the 
timeseries coming each time you have many 
parallel items each one belonging to a different 
ȰÃÈÁÎÎÅÌȱ ɉÁ ÄÉÆÆÅÒÅÎÔ ÔÉÍÅÓÅÒÉÅÓɊȢ 3Ï ÉÔ ÉÓ ÁÃÔÕÁÌÌÙ 
a 2d array.  
3d arrays. For example data from lidar. Each 
point has x, y and z. a colored image has 3 
channels R, G, B is also a 3d array (width * height 
* 3) 
Have in mind pytorch 3d which deals with these 
arrays.   
Videos are 3d arrays too. and if they have color 
they are 4d arrays.  
Volumetric images (voxels) 

 

 

We see the input image that will maximally activate 
a particular neuron of a layer somewhere within the 
CNN.  So these mid and high level features are not 
kernels, they are input images. The reason I guess is 
that the output of a unit of a higher layer is a 
combination of more than one kernels.  
 
'ÒÁÔÉÎÇÓ ɉʎʔʗʍʀʏɊ 

 

Object detection and Multiple object detection  

 

Object Localization algorithm locates the presence of an object in the image 
and represents it with a bounding box. It takes an image as input and 
outputs the location of the bounding box in the form of (position, height, and 
width).  

 

Sliding a trained CNN 



 
9ÏÕ ÄÏÎȭÔ ÁÃÔÕÁÌÌÙ ÓÌÉÄÅ ÔÈÅ #..ȟ ÂÅÃÁÕÓÅ ÙÏÕ ÄÏÎȭÔ 
×ÁÎÔ ÔÏ ÒÅÃÁÌÃÕÌÁÔÅ ÔÈÅ ȰÃÏÍÍÏÎȱ ÐÉÎË ÓÔÁÔÅÓȢ 3Ï ÙÏÕ 
just apply the same convolution to the whole input and 
ÔÈÉÓ ÍÅÁÎÓ ÔÈÁÔ ÙÏÕ ÄÏÎȭÔ ÒÅÃÁÌÃÕÌÁÔÅ ÁÎÙÔÈÉÎÇȢ 
Everything is calculated one time.   

Both Multiple object recognition and Object detection use the 
same technique. They slide a trained  CNN over the input . And 
this operation boils down to just applying the same convolution 
that the CNN does, to the whole input. so, it is as if you have one 
ÂÉÇ #.. ÔÈÁÔ ÐÒÏÃÅÓÓÅÓ ÔÈÅ ×ÈÏÌÅ ÉÎÐÕÔ ÁÌÔÈÏÕÇÈ ÉÔ ÁÃÔÕÁÌÌÙ ÉÓÎȭÔȢ 
in reality you have one small CNN that is sliding over the input.  
The size of sliding is determined by the scale of the pooling 
operation. If you have one pooling layer subsampling by a factor 
of 4 then this means that each output unit looks at a view of the 
input which is shifted by 4 units. But each output unit is actually 

ÏÎÅ ȰÄÉÓÔÉÎÃÔȱ #.. ɉÔÈÅ ÏÎÅ ÔÈÁÔ ÓÌÉÄÅÓ ÏÖÅÒ ÔÈÅ 
input) and it slides over it by 4 units.  
Notice that the last layers after the 
convolutions (C3 to F here), the layers that 
classify the CNN output essentially, are not 
fully connected but since each belongs to the 
same CNN, the weights are identical, and so it is 
as if you have a convolution with a kernel of 

size 1 by 1.  

 

Multiple object recognition  

 
 
More on the structured prediction lecture  
 

The concept is this: To detect multiple objects in an 
input you use one CNN trained to detect a single 
input and you slide it over a larger input. but you 
have to train it in a specific way so that it only 
detects the object if it is in the center of the view (if it 
is on the side you train it to not produce any output, 
if there are two objects on the sides you train it to 
detect nothing etc.).  
 
Then we slide it over a larger input that contains 
multiple objects. You use the same CNN without any 
retraining. So this process is cheap. Then each CNN 
produces a class it is surer about. You then apply non 
maximum suppression (NMS) between neighboring 
CNNs with the same output, to select the CNN which 
is more certain. Non maximum suppression is 
gradually replaced by trainable non maximum 
suppression 

 

Object detection 

 

"ÅÃÁÕÓÅ ÙÏÕ ÄÏÎȭÔ ËÎÏ× )Æ ÆÁÃÅ ÉÓ ÉÎ Á 
different scale  than the CNN has trained to 
identify, you subsample the image and reapply 
the sliding CNN. Eventually there will be a 
scale where the face will be at the right size 
and the detector will fire.  
 
Here we have a CNN applied at multiple scales 
of the same image. (The image is subsampled). 
Notice that the features of all scales are 
combined before going for classification.  

 


