
The Essence of Linear Algebra  

Introduction  
Most important concepts of linear algebra  

https://www.youtube.com/watch?v=YrHlHbtiSM0&list=PLUl4u3cNGP61iQEFiWLE21EJCxwmWvvek&index=1  

 

 

 

Linearity means Homogeneity and Additivity  

A system is linear if it is homogeneous and additive 

 

3ÕÐÐÏÓÅ ÔÈÁÔ ÙÏÕ ÄÏÎȭÔ ËÎÏ× ÔÈÅ ÆÕÎÃÔÉÏÎ Æ ÁÎÄ ÙÏÕ 

try to extract its behaviour by inputting values to it 

and measuring the output.  

 

A function with the graph of a line, is both 

homogeneous and additive. Every function that 

exhibits these two properties can be considered a 

linear function. These functions are of degree one in 

terms of their input x (x1).  

 

In this case both the input and the output are 

functions of time x(t) and y(t) but the concept is the 

same. You can think of the input as if you input just a 

number (the value of the input at a specific time) and 

you examine the output number and repeat. From 

the relationship you can extract the behaviour of the 

function.  

 

Scaling and adding  

)Ô ÄÏÅÓÎȭÔ ÍÁÔÔÅÒ ÉÆ ÙÏÕ ÔÈÉÎË ÏÆ ÖÅÃÔÏÒÓ ÁÓ ÁÒÒÏ×Ó ÉÎ ÓÐÁÃÅ ÔÈÁÔ ÈÁÐÐÅÎ ÔÏ ÈÁÖÅ Á ÃÅÒÔÁÉÎ ÎÕÍÅÒÉÃÁÌ ÒÅÐÒÅÓÅÎÔÁÔÉÏÎ ÏÒ ÉÆ ÙÏÕ think 

of them as a list of numbers that happen to have a nice geometric interpretation. The usefulness of linear algebra has less to do 

with one of those definitions than it has with the ability to translate back and forth between them. (We will see in detail, that a 

vector can be anything where there is a sensible notion of adding two of them together and multiplying them by a number)  

https://www.youtube.com/watch?v=YrHlHbtiSM0&list=PLUl4u3cNGP61iQEFiWLE21EJCxwmWvvek&index=1


 

Multiplication of a vector by a number scales the vector, thus the numbers in linear algebra can be thought of as scalars (things 

that cause vectors to scale).  

 

 

9ÏÕ ÃÁÎ ÔÈÉÎË ÏÆ Á ÖÅÃÔÏÒȭÓ ÃÏÏÒÄÉÎÁÔÅÓ ÁÓ ÓÃÁÌÁÒÓ ÏÆ ÔÈÅ ÂÁÓÉÓ ÖÅÃÔÏÒÓȢ )Î ÔÈÉÓ ÓÅÎÓÅ ÅÁÃÈ ÖÅÃÔÏÒ 

is an addition of scaled basis vectors.  

 

Span and basis 

 

Scaling two vectors and adding them together is a called a 

linear combination of these vectors. What does this has to do 

with lines? One way to think of it is that if you keep one scalar 

fixed and let the other change freely, the resulting vector tip 

will lie in a line 

 

The span of most pairs of 2d vectors is ALL vectors of 2d space. 

But if the two vectors are aligned then their span is all vectors 

whose tip sits in this line.  

 

The span of two vectors is a way of asking what are all the 

possible vectors you can reach using only these two 

fundamental operations, vector addition and scalar 

multiplication.  

  



 

The span of two 3dimensional vectors is a 2d plane crossing the origin of the 

coordinate system. 

 

The span of 3 3d vectors is the whole 3d space except from the case where two of the 

three are aligned or if one lies in the span of the other two, in which case the span is a 

2d plane. In this case you can remove the third vector without affecting the span. In 

this case we say that the two vectors (from which you removed one) are linearly 

dependent which means that this vector can be expressed as a linear combination 

of the others  (since it lies in the span of the others). On the other hand if each vector 

adds another dimension to the span there said to be linearly independent.  

 

Linearly dependent                           linearly independent 

            

 

Basis of a vector space 

The basis of a vector space is a set of linearly independent vectors that span the full space 

 

Linear transformation  
A linear transformation is a function that takes in vectors and spits out vectors. It can be represented visually by smooshing 

around space in such a way that grid lines remain parallel and evenly spaced and the origin remains fixed (if not evenly spaced 

the diagonals would not remain straight lines). 

 

We can think of each point in a space as the tip of a vector. Then 

we draw on top (the cyan lines) the transformed vector (its 

coordinates) where it lands when it passes through a 

transformation (a function). 

 

In a linear transformation,  lines must remain lines and origin 

must remain fixed. Notice that diagonal lines too must remain 

straight lines. Or equivalently: Grid lines must be kept 

parallel and evenly spaced and the origin fixed . 

 

We have space with its basis vectors and a vector v [-ρȟ ςɎȢ 4ÈÅ ÖÅÃÔÏÒ Ö ÃÁÎ ÂÅ ÅØÐÒÅÓÓÅÄ ÁÓ Á ÌÉÎÅÁÒ ÃÏÍÂÉÎÁÔÉÏÎ ÏÆ ÉÔÓ ÓÐÁÃÅȭÓ 

basis vectors . We apply a linear transformation to the space and watch where the the v vector and the basis 

vectors land. The fact that the grid lines are kept parallel and evenly spaced has an important consequence. The vector 

v started as a certain linear combination of the basis vectors and ended up as the same linear combination of the 

transformed basis vectors . This means that you can deduce where every vector lands based solely on where the basis vectors 

land.  

  



  



How would you describe a linear transformation numerically? What formula would you use so that the coordinates of each 

vector are transformed to the coordinates of the output vector? It is enough to know where the basis vectors land. That is enough 

to completely describe the transformation.  

 

We can see that the x basis vector [i] lands in position [1,-2] (in 

terms of the original space) after the transformation and the y 

basis vector [j] lands in position [3,0].  

 

 

 

Knowing the linear combination that gives the vector v we can 

numerically calculate the vector by addition. Notice that the 

resulting vector coordinates [5 2] are expressed in relation to 

the original basis vectors. The same vector has coordinates [-1 

2] in relation to the new basis vectors which is actually the 

same linear combination of the transformed basis vectors. 

 

So in general terms, a vector with coordinates [x y] would 

land on x times where the [i] vector lands plus y times the 

vector of where the [j] lands . 

 

This formula can be represented by a vector-matrix 

multiplication.  

 

 

This two by two matrix describes a two dimensional linear 

transformation and is composed of two columns, one for each 

basis vector (space dimension) where the columns describe 

where the basis vectors of the original space land if this 

transformation is applied.  

 

If you are given any vector in this space you can easily deduce 

where it would land by multiplying its x coordinate with 

transformed [i] and y coordinate with transformed [j] and add. 

This corresponds to the idea of adding the new transformed 

basis vectors. This formula is equivalent of multiplying the 

vector with the matrix.  

If you rotate -90 degrees around z then i[1,0] goes to [0,1] and j[0,1] goes to [-1,0]. So the transformation matrix would be: 

 

If the transformed basis vectors are linearly dependent (one is a scaled version of the other) then the linear transformation 

squeezes all of 2d space onto the line where these two vectors sit (the one dimensional span of these linearly dependent vectors).  



 

 

Every time you see a matrix you can interpret it as a certain transformation of space. 

 

Orthonormal transformations  
The word "orthonormal" typically describes a set of vectors which are all unit length and orthogonal. (Orthogonal means that 

Ô×Ï ÔÈÉÎÇÓ ÁÒÅ ωπ ÄÅÇÒÅÅÓ ÆÒÏÍ ÅÁÃÈ ÏÔÈÅÒȢ /ÒÔÈÏÎÏÒÍÁÌ ÍÅÁÎÓ ÔÈÅÙ ÁÒÅ ÏÒÔÈÏÇÏÎÁÌ ÁÎÄ ÔÈÅÙ ÈÁÖÅ Ȱ5ÎÉÔ ,ÅÎÇÔÈȱ ÏÒ ÌÅÎÇÔÈ ρȢɊ 

 

 

They are linear transformations that leave all of the basis 

vectors perpendicular to each other and still with unit lengths.  

 

We often think of them as the rotation transformations. They 

correspond to rigid body motion  (no stretching, squishing or 

morphing of the space) 

 

Since any vectors keep the same length and angle in between 

them before and after the transformation, their dot product 

remains the same. 

 

 

Orthogonal matrices  

/ÒÔÈÏÇÏÎÁÌ ÍÁÔÒÉÃÅÓ ÁÒÅ ÔÈÅ ÂÅÓÔ ÔÏ ÃÁÌÃÕÌÁÔÅ ×ÉÔÈȢ 4ÈÅÙ ÄÏÎȭÔ ÃÈÁÎÇÅ ÔÈÅ ÌÅÎÇÔÈ ÏÆ ÔÈÉÎÇÓȟ ÔÈÅÙ ÄÏÎȭÔ ÒÅÓÕÌÔ ÉÎ ÂÌÏ× ÕÐȟ ÔÈÅÙ ÄÏÎȭÔ 

transform anything to 0. You can multiply a lot of them and you would still have an orthogonal matrix as a result. 

 

Orthogonal matrices are square matrices that have 

orthonormal columns. This means that the dot 

product of any two columns is 0. Because the dot 

product of a vector with itself is 1, QTQ and QQT is 

the identity matrix. QTQ=I so QT=Q-1 

 

All columns are orthonormal with each other, 

which means that they are linearly independent 

with each other. So they each column is a unit 

ÖÅÃÔÏÒ ɉÔÈÁÔȭÓ ×ÈÙ ÔÈÅÙ ÁÒÅ ÃÁÌÌÅÄ ÏÒÔÈÏÎÏÒÍÁÌɊȢ  

 

The eigenvectors of an orthogonal matrix are all 

orthogonal to each other. This is another way of 

saying that the transformation is defined only by 

rotations where the axis of rations are the 



 

eigenvectors, which by itself defines a rigid body 

motion.  

 

Rotations are orthogonal matrices.  

 

BECAUSE ORTHOGONAL MATRICES HAVE THESE 

NICE PROPERTIES WE WANT TO DECOMPOSE 

ANY NON orthogonal matrix (with independent 

columns but not orthogonal) to an orthogonal and 

a triangular one. A=QR  

 

 

Have in mind that least squares method can be represented 

with matrix vector multiplication where we actually use 

A=QR and the Q orthogonal matrix. Actually it is one of the 

most common applications of linear algebra.  

 

 

Composition of Transformations  

 

If you apply two linear transformations one after the other (for 

example rotation by 90 degrees first and a shear 

transformation afterwards) the resulting transformation is a 

new one and is called a composition of the other two. Since 

applying a transformation to a vector can be numerically 

represented with multiplying it by a matrix, the composition 

can be represented numerically with a matrix-matrix 

multiplication. Whenever you see such a multiplication it can 

be graphically represented as two transformations one after 

the other.  



  

This stems from function notation where we write variables on 

the right so when you read a function composition you read it 

right to left  

 

Notice that if you reverse the order of transformations the 

resulting one will be different. So in its numerical 

representation which is matrix multiplication order is 

important.  

 Matrix multiplication is not 

cumulative 

 

So, if transformations are applied in the same order give the 

same result, matrix multiplication is associative since in both 

cases all you do is apply all the transformations right to left.  

 

 

The determinant  
A linear transformation changes any area within its space by a certain factor. This scaling factor is called the determinant of the 

linear transformation. It has a sign plus or minus depending on the orientation of the transformed area. In more general terms, 

the determinant of a matrix shows how much the signed unit object  changes after applying the transformation described by 

the matrix. If the space is 2d the unit object is an area, if it is a 3d space then it is a volume.   

 

If you have a matrix you can think of the determinant of that matrix as the area formed between two vectors where each vector 

is a column of the matrix. But when the columns of a matrix represent vectors, the matrix represents a linear transformation 

where each column is a transformed basis vector. The basis vectors form the unit object. The initial unit object with an area of 

size one has been transformed to a new unit object with a new area the size of which is the determinant value. Thinking in terms 

of unit objects, we can say that the determinant is the factor by which the initial unit object changed. Since any object can be 

expressed as a sum of unit objects the determinant is the factor by which the volume of any object changes.   

 

  

Any shape that is not a grid cell can be approximated well 

enough if you use small enough grid cells, so its change in size 

can be approximated by the change in size of the grid cells. 

 

The determinant of a transformation is zero if it squishes all 

space onto a line or a point in case of 2d space, or onto a 

2dplane, line or point in case of 3d space. In general if the 

determinant of a transformation is 0, it means that this 

transformation squishes space into a smaller dimension 

(3d to 2d or 1d or 0d). This happens when the transformed 

basis vectors (the columns of the matrix) become linearly 

dependent.  

(A singular matrix refers to a matrix whose determinant is 

zero. Furthermore, such a matrix has no inverse.) 

 



 

 

The determinant can be a negative number. This has to do 

with orientation. If a transformation flips space over (inverts 

the orientation of space ) then the area is represented with a 

negative number.  

 

    

 

In 3d space the determinant of a 3*3 matrix (each column is the coordinates of a vector) shows the factor by which a volume 

changes if the linear transformation represented by this matrix is applied. In 3d space you can determine if the space orientation 

has been inverted by the right hand rule. If it makes sense to represent the orientation with your left hand instead, it means that 

the space has been inverted (bring the in of a 3d object, out) 

 

The numerical formula for computing the determinant comes from computing the area of the transformed unit object. For a 

linear transformation of a 2d space which can be represented numerically by a 2*2 matrix the determinant is ad-bc. 

 

 

 

 

Also  

 

 



 

Have in mind this key idea about determinants. All shapes 

within the initial space are scaled by the same amount (that 

amount is the determinant of the transformation) 

 

 

Inverse matrix  
Usefulness of linear algebra  

 Describing the manipulation of space (useful for computer graphics and robotics) 

 It helps solve systems of linear equations (useful for a broad range of technical areas) 

 

 

 

 

A linear system of equations: The only thing that happens to a variable is 

that it is scaled by a constant and the only thing that happens to those 

scaled variables is that they are added to each other. Any such system can 

be represented by a vector-matrix  multiplication and as such it can be 

thought of as a linear transformation of a space. (Notice that this chapter 

only mentions systems which have the same number of equations and 

unknowns) 

 

You know A which is the linear transformation applied, you know the 

transformed vector, so what you have to find in this case is the inverse 

transformation that transforms the transformed vector back to the 

original one. The inverse transformation is represented by a matrix A-1 

which is the inverse matrix of A.  

 

Applying two transformations one after the other is numerically 

represented by matrix multiplication so A*A-1 results to a transformation 

that does nothing and is called the Identity transformation.  

 

If you know the inverse, you multiply both terms of the equation with it 

and you end up with the solution which is applying the inverse 

transformation to v in order to get x.  

 

It is important to separate two cases: 

 The determinant of A is non zero 

A matrix A-1 exists with property that when you do A and then you do A-1ȟ ÉÔȭÓ ÔÈÅ ÓÁÍÅ ÁÓ ÄÏÉÎÇ ÎÏÔÈÉÎÇȢ 

 The Determinant is zero 

 



 

 

 

Determinant is zero 

 

If the determinant is zero then there is no inverse transformation which means 

that there is no solution to that system of linear equations (except if the 

transformed vector v lies along the line).  

 

There is no transformation (no function) that can be applied to a line to 

transform it to a plane. This is not something that a function can do. If there was 

such a function, it would mean that it transforms an individual 1d vector into a 

line of vectors in the 2d space (the slightly larger 1d vector would be 

transformed to another line right next to the previous one and so on, so that all 

1d vectors are transformed to infinite number of lines that form a 2d space). 

This means that all the vectors that lie in this line of the original space, are 

transformed to a single vector (a point) in the transformed space (which is a 

line). A function by definition maps a single input to a single output. So there is 

no function that can map a single vector to the infinite vectors that form a line. 

Although the opposite can be done by a function. It maps many inputs to the 

same output. This is the original linear transformation. 

 

Notice that a solution to the system could still exist but this is only in the case 

the transformed vector v lies within the transformed space (along the line in 

this case), in which case the solution is all vectors that belong to a specific line 

in the original space. 

If the vector v lies outside of the line, it lies outside of the space which was 

ÄÅÆÉÎÅÄ ÁÆÔÅÒ ÔÈÅ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎȢ 4ÈÕÓ ÉÔ ÃÁÎȭÔ ÂÅ Á ÒÅÓÕÌÔ ÏÆ ÔÈÁÔ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎȢ 

Every vector that was lying inside the original space, would lie after the 

transformation inside the transformed space which is the line. If instead the 

transformed vector lives in the line then there could be a vector x that when the 

linear transformation is applied to it, it ends up in v. (in other words if the vector 

v lives in the column space then a solution to the equation exists). Actually there 

are a lot of vectors that land on v. A line of vectors, which is composed of all 

vectors the tip of whom lies in a specific line, are the solution to this equation.  

 

Conditioning and stability  

https://www.youtube.com/watch?v=BVM3NAt6QoM  

Conditioning shows how error is magnified in computational problems.  

 

In computational (numerical) methods you approximate the 

exact solution. The conditioning of the problem can tell you if 

your solution is a good approximation or not. 

 

 

https://www.youtube.com/watch?v=BVM3NAt6QoM


Matrix condition number 

 

If the condition number is not too much  larger than 

1, the matrix is well-conditioned, which means that its 

inverse can be computed with good accuracy (with a 

numerical method).  

 

The condition number of a matrix n by n is calculated 

by multiplying the norm of A by the norm of A-1. The 

norm (of all rows of the matrix) is the largest sum of 

all rows (you sum each row. The largest sum is the 

norm of A). you can think of this expression like this. A 

matrix applies a transformation to a space. Some parts 

of the space are expanded more than others. The ratio 

of the maximum expansion with the minimum 

expansion is the condition number. 

 

  

 

Error magnification  

 

You can calculate how good approximation is a 

solution. You calculate the magnification error of 

the solution. If it is small, then it means that your 

approximation happened to be a good one.  

 

The condition number bounds the error 

magnification (as it is called). The error 

magnification of any algorithm will be smaller 

than the condition number of the matrix. The 

condition number kind of shows the worst-case 

scenario. 

 

Have in mind the forward error and the backward 

error. Fwd is the (relative) difference between the 

approximated x you found and the exact one. The 

backward error is the (relative) difference 

between the b (the result of the exact x) and the 

Ax1 (the b you calculate with the approximated 

solution)  

 

This is an important take away 

)Î ÁÎ ÉÌÌ ÃÏÎÄÉÔÉÏÎÅÄ ÐÒÏÂÌÅÍȟ Á ÓÍÁÌÌ ÒÅÓÉÄÕÁÌ ÄÏÅÓÎȭÔ ÎÅÃÅÓÓÁÒÉÌÙ ÍÅÁÎ ÔÈÁÔ ÙÏÕ ÆÏÕÎÄ Á ÇÏÏÄ ÓÏÌÕÔÉÏÎ ÔÏ ÔÈÅ ÐÒÏÂÌÅÍ. In an ill 

conditioned Ax=b problem, the x you numerically approximated might be very different from the exact one, but they can both 

result on almost the same y.  

 

 



Transpose matrix  

 

ATA is square, symmetric and nonnegative definite (its 

eigenvalues are non negative) 

 

 

Rank, Column space and Null space or kernel  
Rank is the number of dimensions of the output space of a transformation. When the result of a linear transformation is a line 

(which has one dimension) we say that the transformation has a rank of one. If the space is transformed to a 2d space we say 

that it has a rank of 2. The columns of a matrix are the coordinates of the transformed basis vectors. The span of those basis 

vectors gives you all the possible outputs of the transformation and is called column space. In these terms, the rank is the 

number o f dimensions of the column space of a matrix . If the rank is the highest it can be, in other words if it is the same 

with the number of columns of a matrix, we say that the matrix is full rank  and the linear transformation that it describes 

transforms a space into another space of the same number of dimensions. Notice that the zero vector  will always be included 

in the column space of any matrix, since it lies in the origin and linear transformations must keep the origin fixed in space (the 

origin is the lowest possible result of a transformation so the origin is always part of the result).  

In a full rank linear transformation the only vector that ends up in the origin is the zero vector . In an one rank 

transformation of a 2d space (which is represented by a 2*2 matrix) there is a line in the original 2d space all the vectors of 

which land in the origin after the transformation. If a 3d transformation squishes space into 2 dimensions, a line exist in the 3d 

space the vectors of which (a line of vectors) land in the origin. If a 3d transformation squishes space into one dimension, a 2d 

plane exists in the original space all the vectors of which land on the origin of the transformed space. This set of vectors that 

land on the origin after a linear transformation is called the null space or the kernel of the matrix. It is the space of all vectors 

that become null.  

   

The kernel of a 2d linear transformation with rank 

one is a line (the yellow line). The transformed 

space is a line too (the cyan line). 

 

 

In case of a system of linear equations, if the result 

vector is the zero vector then the null space is all 

the possible solutions to the equation. 

 

Have in mind these terms for how to numerically calculate the solutions to systems of linear equations: 

 Gaussian elimination 

 Row echelon form  

 

 

Non square matrices  
Non square matrices describe transformations between dimensions.  



 

  

A 3 by 2 matrix has the geometric interpretation of 

transforming a 2d space to a 3d space. Notice that a 3*2 matrix 

is a full rank matrix which means that it transforms space into 

a space of same number of dimensions (but as part of a space 

with one more dimension). It has two columns which means 

that the output space is a 2d plane and the transformed basis 

vectors have 3 coordinates which means that they lie in a 3d 

space. But the vectors that are transformed with a 3*2 matrix 

will always lie in the same 2d plane. 

 

Since each column show the where the basis vector of the 

original space lands (the transformed basis vector), the 

number of columns show the number of basis vectors so the 

number of dimensions of the original space. 

 

The number of rows show the number of coordinates of the 

basis vectors in the transformed output space.  

  

 

You can transform a 2d space onto a 1d space (with a 1*2 

matrix). It takes in vectors and outputs numbers. When space 

is squished onto a line it is difficult to think of grid lines that 

remain at equal distance. A way to visualize linearity in this 

case is to think of a line of evenly spaced dots that would 

remain evenly spaced as they are mapped onto the line.  

 

Since the transformed space is a line each basis vector would 

be represented by a single number.  

 

Notice that a transformation [2 1] is different from another 

ÌÅÔȭÓ ÓÁÙ ɍς -1]. it transforms the space in a different way so 

each vector lands on different numbers in each case.  

 

Dot product  
The dot product is a useful geometric tool for understanding projections and determining if two vectors are in the same or 

opposing direction or perpendicular to each other.  

 

The dot product of two vectors can be geometrically 

represented by finding the projection of one vector onto the 

other and multiplying the projected length with the vector. The 

result would be the same no matter which vector you select to 

project. 

 

Vertical vectors -> dot product is 0 

 

Vectors with opposing direction -> dot product is negative 

 



 

/ÒÄÅÒ ÄÏÅÓÎȭÔ ÍÁÔÔÅÒ 

 

Why the formula of dot product has anything to do with projections? 

When you want to see where a vector [4 3] lands after a [1 -2] transformation ([1 2] is a matrix) you can think that [4 3] is 4i+3j 

ÁÎÄ ÓÉÎÃÅ ÔÈÅ ÒÅÓÕÌÔ ÏÆ Á ÌÉÎÅÁÒ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎ ×ÏÕÌÄ ÂÅ ÔÈÅ ÓÁÍÅ ÌÉÎÅÁÒ ÃÏÍÂÉÎÁÔÉÏÎ ÏÆ ÔÈÅ ÔÒÁÎÓÆÏÒÍÅÄ ÂÁÓÉÓ ÖÅÃÔÏÒÓ τÉȭϹσÊȭ 

you just have to do 4*1+3*-2=-2. This is the number where the 2d vector will land. Numerically this formula is a matrix vector 

multiplication.  But if you write the [1 2] matrix as a vector then the dot product formula of the two vectors [1 2] and [4 3] gives 

the same result as with the equivalent matrix vector multiplication. So it seems that there is some kind of association between 

linear transformations that map 2d spaces to lines (represented by a 1*2 matrix) and vectors of size two themselves.  

 

Imagine that you place a number line inside a 2d space so that it passes from the 

origin and forms an angle with the x axis of the 2d space. You can draw a vector 

u, which has the same length with the unit vector i of the 2d space but it lies in 

the same direction with the number line. We mark the number one of the 

number line in the length of the u. Now, if we take some random 2d vectors we 

can just project them onto this number line. By definition they are transformed 

to numbers. What we have done actually, is that we have defined a function that 

takes 2d vectors and outputs numbers and this function is linear since it keeps 

the dots (tips of vectors) evenly spaced in the output space (the line). So this 

projection is actually a linear transformation from the 2d plane to this specific 

line. Consequently we can find a 1*2 matrix that describes this transformation.   

 

To do so we have to find where the i and j basis vectors of the 2d plane land on 

the line. They land on their projections  on the u vector. But since the u and i 

vectors are both unit vectors (of length one) the projection of i on u is of the same 

length with the projection of u to i. The projection of u to i is the x coordinate of 

u (ux). Respectively the projection of j in u is of length (uy). So the basis vectors 

land on ux and uy which are numbers of the number line.  This way we have 

found the 1*2 matrix that describes this linear transformation. It is the [ux uy] 

matrix. 

 

 

 

This means that when you want to transform a vector to this line you multiply 

its coordinates with ux and uy (the u matrix) and add them together. But this 

formula is identical with the formula of the dot product between the vector and 

the u vector.  

 

Consequently, taking the dot product of a vector with a unit vector can be 

interpreted as projecting the vector onto the span of this unit vector and taking 

ÔÈÅ ÐÒÏÊÅÃÔÉÏÎȭÓ ÌÅÎÇÔÈ ɉÓÉÎÃÅ ÔÈÅ ÌÅÎÇÔÈ ÏÆ ÔÈÅ ÕÎÉÔ ÖÅÃÔÏÒ ÉÓ ÏÎÅ ÁÎÄ ÍÕÌÔÉÐÌÙÉÎÇ 

a number by one is the same number, the dot product is the length of the 

projection)  

The dot product with a non unit vector (following the same logic) is multiplying 

the projections length with the length of the non unit vector (which is a number 

times the unit vector) 

 

Duality  



 In general a 2d linear transformation to 1d is fundamentally related with a 2d 

ÖÅÃÔÏÒȢ 4ÈÉÓ ÉÓ ÁÎ ÅØÁÍÐÌÅ ÏÆ ÓÏÍÅÔÈÉÎÇ ÉÎ ÍÁÔÈ ÔÈÁÔ ÉÓ ÃÁÌÌÅÄ ȰÄÕÁÌÉÔÙȱȟ ×ÈÅÎ ÙÏÕ 

have a natural but surprising correspondence between two things. 

 The dual of a vector is the linear transformation that it encodes 

 The dual of a linear transformation from some space to one dimension (a 

line) is a certain vector in the original space. 

This means that we can think of a vector not only as an arrow in space but 

as a certain transformation that transforms its space to a line . It is as if the 

vector is a conceptual shorthand for a certain transformation 

 

Duality applies to transformations from a space of any number of dimensions to a space of one dimension 

 

Cross product  
Note, in all the computations here, I list the coordinates of the vectors as columns of a matrix, but many textbooks put them in 

the rows of a matrix instead.  It makes no difference for the result, since the determinant is unchanged after a transpose, but 

given how I've framed most of this series I think it is more intuitive to go with a column-centric approach. 

 

A 2d cross product (of two 2d vectors) is the area between the two vectors with a s=plus or minus sign depending on the 

orientation. 

 

The cross product can take negative values too depending on orientation . In the cross 

product v*w,  if v (the first vector) is on the right of w (the second vector) the result is 

positive.  

 

 

 

The cross product of two vectors is the determinant of a matrix whose columns are the 

vectors coordinates. That is because that matrix corresponds to a linear transformation 

that transforms the perpendicular basis vectors i and j of the original space to the v and 

w vectors respectively. The determinant shows how much an area changes after the 

transformation but in this case the initial area formed by the two initial basis vectors 

is one. This means that the determinant would be equal to the final area, which is the 

cross product. If vectors are perpendicular the size of the area that they form is bigger 

than if they were close to parallel. If you scale one vector by a factor, the area that it 

forms with another vector also scales by the same factor. 

 

4ÈÅ ȰÔÒÕÅȱ ÃÒÏÓÓ ÐÒÏÄÕÃÔȟ ÔÈÅ σÄ ÃÒÏÓÓ ÐÒÏÄÕÃÔ ɉÏÆ Ô×Ï σÄ ÖÅÃÔÏÒÓɊ  ÉÓ ÎÏÔ Á ÎÕÍÂÅÒȟ ÉÔ ÉÓ Á ÖÅÃÔÏÒ ÔÈÅ ÍÁÇÎÉÔÕÄÅ ÏÆ ×ÈÉÃÈ ÉÓ the 

area between the two vectors that is perpendicular to the plane defined by the two vectors with a direction defined by the right 

hand rule.  

 

The vectors length is the area of the parallelogram and its direction is 

perpendicular to the plane the two vectors form. The direction of the 

vector is extracted from the right hand rule (from the orientation of the 

basis vectors of the plane)  

 

The formula for the cross product of two 3d vectors can be extracted if 

we take the determinant of a 3*3 matrix where the first column is just 



 

 

the basis vectors of the 3d space. It has no meaning to put a vector in 

place of a number in a matrix, but it is just a notation thing in order to 

end up with a linear combination of those basis vectors which gives the 

cross product vector. 

  

 

Understanding cross product in terms of linear transformations (the proof of the above formulas) 

 

Imagine that from the 2d cross product equivalent, you have to assume 

what a 3d cross product would look like. Intuitively you could think of 

three vectors which you combine into a matrix and get its determinant 

which corresponds to the volume between the three vectors and a plus 

or minus depending on the orientation. The determinant is a number 

not a vector, but we know that the cross product is a vector.  

 

 

This is the numerical formula for the vector p that we 

are looking for that is the cross product of v and w. 

The determinant of a 3*3 matrix is equivalent to a function  that 

gets in three vectors and outputs a number or in other words a 

linear transformation from 3d to 1d space . So there is a way to 

describe this function as matrix-vector multiplication. Assume that we 

replace the first vector with a variable vector (three variables for each 

coordinate) so that now the function is a function of three variables. 

Due to the duality the matrix-vector multiplication can be represented 

by an equivalent vector-vector dot product. So we are looking to find 

this dual vector p.  

 

What vector p has the property that when taking its dot product with 

any random vector [x y z] has the same result as plugging x y z as the 

first column of a matrix with fixed 2nd and 3rd columns as v and w and 

taking its determinant.  

 

Or the geometrical equivalent 

what vector p has the property that when taking its dot product with a 

vector [x y z] it gives the same result as calculating the volume between 

the vectors v, w and [x y z]. xyz is shown here with white color. 

  



 

 

The volume of this object (parallelopiped) is the same with multiplying 

the area of the parallelogram with the component of xyz perpendicular 

to v and w plane. 

 

But this is the definition of the dot product between xyz and a vector 

perpendicular to v and w with length equal to the area of the 

parallelogram v*w! So the vector that we are looking for is this vector 

and is the cross product of v and w.   

The formula that we found before for the cross product must 

correspond to a vector that is perpendicular to v and w and has a length 

equal to the area between v and w. 

 

#ÒÁÍÅÒȭÓ 2ÕÌÅ 
Solving linear systems of equations  

4ÈÅÒÅ ÁÒÅ ÓÅÖÅÒÁÌ ÃÏÍÐÕÔÁÔÉÏÎÁÌ ÍÅÔÈÏÄÓ ÏÆ ÓÏÌÖÉÎÇ ÓÙÓÔÅÍÓ ÏÆ ÌÉÎÅÁÒ ÅÑÕÁÔÉÏÎÓ ÕÓÉÎÇ ÌÉÎÅÁÒ ÁÌÇÅÂÒÁȢ #ÒÁÍÅÒȭÓ ÒÕÌÅ ÉÓ ÏÎÅ ÏÆ 

ÔÈÅÍȢ 7Å ×ÉÌÌ ÓÅÅ ÔÈÅ ÇÅÏÍÅÔÒÉÃ ÉÎÔÅÒÐÒÅÔÁÔÉÏÎ ÏÆ #ÒÁÍÅÒȭÓ 2ÕÌÅȢ !ÌÔÈÏÕÇÈ ÈÁÖÅ ÉÎ ÍÉÎÄ ÔÈÁÔ 'ÁÕÓÓÉÁÎ %ÌÉÍÉÎÁÔÉÏÎ ÉÓ ÁÌ×ÁÙÓ Á 

faster method. 

 

Systems with Orthonormal matrices  

 

Solving linear systems of equations where the 

constants matrix represents an orthonormal 

transformation is very easy. The dot product of 

the transformed vector with the transformed i 

vector would be the same with the dot product of 

the original vector with the original i.  

 

But the dot product of the original vector with i is the projection of vector onto i, which is the x value. So the dot product of the  

transformed vector with the transformed I vector (which are known) are the x and the dot product with the transformed j is y. 

You can find [x y] with two dot products.  

 

Non orthonormal matrices  

We want to find the solution to a linear system of equations which is represented by a non orthonormal transformation 
--

=Ö vxA

. In a 3d space case, we want to find the x, y and z coordinates of vector x. 

 

You can represent the coordinate of a vector in any of its basis vectors, 

with its dot product with this basis vector. Another way to represent it is 

with the signed volume of the parallelepiped that this vector forms with 

the other two basis vectors. The area of this object is one, so its volume 

which is its area times its height would be its height which is the 

coordinate of the vector in that axis. But this signed volume is the 

determinant of the three vectors that form it. Equivalently you can 

represent the other coordinates with the respective determinants. So we 

express the x,y and z unknown coordinates as determinants.  



 

   

These volumes are scaled by the same amount after a transformation is 

applied to the space. They are scaled by a factor which is equal to the 

determinant of the transformation matrix. 

 

 

 

Using a 2d space for simplicity, we can represent x and y with the areas of 

the respective parallelograms, which is the respective determinants. After 

the transformation the area between the transformed i and transformed x 

(the vector v) is equal with the initial equivalent area times the scaling 

factor which is the determinant of the matrix. But the initial area is x so 

)det(A
Areay=

 

The Area is the determinant of a matrix the first column of which is the 

transformed basis vector I and the other is the result vector v. We do a 

similar process for x. This formula is the #ÒÁÍÅÒȭÓ ÒÕÌÅ. It can be 

generalized for more dimensions.  

  

 

Change of basis 
!ÎÙ ×ÁÙ ÔÏ ÔÒÁÎÓÆÏÒÍ Á ÓÅÔ ÏÆ ÎÕÍÂÅÒÓ ÔÏ ÖÅÃÔÏÒÓ ÉÓ ÃÁÌÌÅÄ Á ÃÏÏÒÄÉÎÁÔÅ ÓÙÓÔÅÍȢ 9ÏÕ ÃÁÎ ÔÈÉÎË ÏÆ Á ÖÅÃÔÏÒȭÓ ÃÏÏÒÄÉÎÁÔÅÓ ÁÓ ÓÃalars 

that scale the basis vectors of the space. 

 

If you want to solve a linear system of equations Ax=v then the output vector v must be expressed relative to the initial 

coordinate system (the basis vectors of the space as it was before the transformation). If you know the output vector coordinates 

relative to the transformed coordinate system (the transformed basis vectors), then you have to transform it first to the initial 

basis and them solve the linear system. 

 

How to change basis 

We know that a vector v is expressed in terms of a coordinate system as [-1 2]. We know the basis vectors of that coordinate 

system relative to ours b1=[2 1] and b2=[-1 1]. This means that we can think of this situation as a linear transformation applied 

to our space and transforming it to the new space. The transformation is represented by the known 2by2 matrix with columns 

the transformed basis vectors [2 1] and [-1 1] expressed in the initial basis. The vector v can be expressed as a linear combination 

of its basis vectors. Since we know this linear combination (the vector coordinates) and the basis vectors expressed in the initial 

basis, we can express the vector v in our coordinate system (the initial basis) by multiplying its x and y coordinates with the 

respective basis vectors. The result is the vector v expressed in our basis. This is a change of basis from the transformed basis 

to the initial basis and it is actually a vector matrix multiplication v0=Av1.  



 

Imagine that you have a vector x that lives in a certain space and a linear transformation (A) is applied to that space to transform 

it to a new one Space0-->A01-->Space1. The vector x is transformed along with the space and ends up in a new location. This can 

be represented by the typical linear system Ax=v 

 

 If you know the transformation matrix (A) and the vector v expressed in the transformed space basis (v1) and you want to 

express the vector to the initial space basis (v0), you do a change of basis. You can think of this situation as a transformation 

applied to a vector (x) that transformed it to v, but v is expressed in the transformed basis (Ax=v1). If you just want to find 

how v1 is expressed in the initial basis you just do v0=A01v1.  

 If the vector after a transformation is expressed in the initial space coordinates (v0) and you want to express it in the 

transformed space,  the situation is expressed with the typical Ax=v0 linear system. In this case you have to compute the 

inverse of A. AA-1x=A-1v ---> x=A-1v. x is actually the same linear combination both in the initial and in the output space, so 

x coordinates are actually the same coordinates with v as it is expressed in the transformed basis. So x=v1 and v1=A-1v0 

  

You have a vector expressed in another basis. A known transformation (expressed in your basis) is applied to that space. The 

vector is transformed with the space and you want to express the transformed vector in its space basis (the beings of that space 

want to know where their vector would land after your transformation) 

Any vector in base 1 -> change of  basis -> transformation in that basis -> inverse change of  basis. The formula for this 

can be written as (A01-1.M0.A01.v1) or in general terms: A-1.M.A.v. The A-1.M.A notation (read right to left) is quite common so 

whenever you see it you can think in terms of shift of perspective . 

A01.v1=v0 

 

 

 

.M0.A01.v1=v0ȭ 

 

 

A01-1.M0.A01.v1=v1ȭ 

 

 

A transformation is applied to a space and transforms it. There is a vector in that space which is transformed. We want to 

express the transformation to eigenbasis (see next chapter first) 

Initial Vector multiplied by the  

transformation that transforms 

the basis to eigenbasis, results in 

Transformation expressed in initial basis 

times the prior, gives the transformed vector 

expressed in eigenbasis. 

Inverse change of basis to eigenbasis, times 

the prior gives the transformed vector 

expressed in initial basis. 



initial vector expressed in 

eigenbasis.  

 

 

It is convenient to do the three matrices multiplication first  that results in a new matrix which is the transformation expressed 

in eigenbasis (a diagonal matrix). this matrix can be multiplied (transform) by any vector expressed in eigenbasis, 

 

 

Eigenvectors and eigenvalues  
Eigenvectors of a transformation are the vectors that remain on their own span after a transformation. Notice that they can be 

extracted for square matrices only. For non-square matrices we extract singular vectors and singular values. 

 

 

 

  

Suppose a transformation is applied to a 2d space. All vectors are 

knocked off the lines that they span. All except some special vectors 

that remain on their own span. These are the eigenvectors of this 

transformation. All the vectors that lie in that line can be expressed 

as a linear combination of a unit vector on the line. Each 

eigenvector has a special value attached to it, the factor by which is 

stretched or squished after the transformation. This value is the 

eigenvalue of the eigenvector.  

 

Why are eigenvectors important? In a 3d transformation, for 

example a 3d rotation, if you can find an eigenvector then you have 

found the axis of rotation. In this case the eigenvalue of that 

eigenvector would be 1 since a 3d rotation is a rigid body rotation 

which means that all the vectors of the space do not stretch or 

squish but they just rotate as they are.  

 

So in many cases it is more convenient to think of a transformation 

in terms of eigenvectors and eigenvalues instead of the 

transformation matrix which gives too much weight to the 

coordinate systemȢ 4ÈÅ ȰÅÉÇÅÎ ×ÁÙȱ ÏÆ ÄÅÓÃÒÉÐÔÉÏÎ ÉÓ ÌÅÓÓ 

dependent on the coordinate system.  

 

 

 

 

This is the formula that describes an eigenvector v. It means that if you apply the 

transformation A to the space of v, the vector v will be just scaled by a factor (the 

eigenvalue). you have to solve for ʇ and v.  



 

And this is the reasoning behind finding the eigenvectors and eigenvalues of a 

transformation.  

 

First we have to represent ʇ vector multiplication with a matrix vector multiplication, 

where the matrix is such that when a vector is multiplied by it, will have the same effect 

as just scaling the vector. This matrix is a diagonal matrix which has ʇ in the diagonal and 

0 everywhere else. This matrix is equal to ʇ multiplied by the Identity matrix (all zeros 

but ones in the diagonal). Then by doing algebra we end up in a new matrix (A-ʇI) that 

when multiplied by the vector v gives the zero vector. This equation is satisfied if the 

vector v is the zero vector but we want a non zero vector v. This means that the 

transformation associated with the A-ʇɢ matrix transforms v into the zero vector. Since 

in a full rank transformation only the zero vector lands on the origin, this can only be true 

if this is not a full rank transformation. This means that it squishes space into a lower 

dimension which means tÈÁÔ ÔÈÅ ÕÎÉÔ ÏÂÊÅÃÔȭÓ ÖÏÌÕÍÅ ÏÆ ÔÈÅ ÉÎÉÔÉÁÌ ÓÐÁÃÅ ÂÅÃÏÍÅÓ ÚÅÒÏȟ 

which means that the determinant of that matrix is zero. From the determinant equation 

we can find the eigenvalue ʇ. Since you know ʇ, you can solve the linear system of 

equations (A-ʇI)v=0 to find the eigenvectors v, which is the kernel (the null space) of the 

A-ʇɢ matrix. 

 

  

 

An example of a transformation.  

For ʇ=2 the solution to the linear system gives x=-y which means 

that the eigenvectors are all the vectors [y -y] which is the span of 

the vector [1 -1] 

 

For ʇ=3 the solution to the linear system gives y=0. This means that 

the eigenvectors are all the vectors that have no y, which is the 

span of the vector [1 0] 

 

A 2d transformation can have no eigenvectors. For example a 2d 

rotation by 90 degrees.  

 

The eigenvalues for such a matrix are imaginary numbers. The fact 

that there are no real eigenvalues indicates that there are no 

eigenvectors. 

 

 

A shear transformation 



 

Notice that a single eigenvalue can have more than a line full of eigenvectors. For example a scaling by a factor, here 2.  

There is only one eigenvalue 2 but all the vectors of the space are eigenvectors since they remain in their own span. Solving the 

determinant gives ʇ=2. The linear system then becomes the zero matrix times v equals 0. Since any non zero vector multiplied 

by the zero matrix gives zero, eigenvectors are all the vectors of the space. If you want to select two eigenvectors that span the 

whole space its convenient to select [1 0] and [0 1] 

 

Eigenbasis 

When both basis vectors are eigenvectors 

 

 

In a diagonal matrix, all the basis vectors are eigenvectors since if we think of the 

transformation that it describes, all basis vectors land on a scaled position within their 

span. They are just scaled. And the diagonal values are the eigenvalues since they are the 

factor by which they scaled.  

 

Diagonal matrices are very convenient. You can very easily calculate the powers of a 

diagonal matrix. Its just a diagonal matrix with the eigenvalues (the diagonal values) 

raised to the power. If instead try to calculate the power of a non diagonal matrix, is a 

nightmare. 

 

If a transformation happens to have enough eigenvectors so that a combination of some of them span the entire space, 

you can choose to use these eigenvectors as the basis vectors of the initial space . You just must make a change of basis, to 

express the transformation in relation with the new basis. Doing so the transformation matrix  expressed in eigenbasis is 

guaranteed to be diagonal  with the corresponding eigenvalues in the diagonal. It is so, since each basis vector lands on a scaled 

position within its  initial span, so all the other coordinates of the transformed basis vectors are zero. The eigenbasis vectors are 

just scaled by the transformation. 

 

V-1MV = ɤ  

M: a transformation of a space expressed in some basis of the space 

V: a matrix whose columns are vectors that remain in their span after 

the transformation M is applied to the space (its columns are 

eigenvectors of M) 

ɤ: I*ʇ (the eigenvalue matrix, a diagonal matrix with eigenvalues in the 

diagonal) 

 



 

By V-1MV we express the transformation M in relation to the new basis 

vectors which are eigenvectors of M. This will produce a new matrix, 

the matrix ɤ, describing the same transformation but now the new 

matrix is diagonal.  

 

Actually this way, we diagonalizing matrix M . the transformation 

defined by M is the same with the one defined by ɤ. The only difference 

is that transformation ɤ is expressed in an eigenbasis of M.  

 

or M=VɤV-1 

M can be broken down into its eigenvector matrix times its eigenvalue 

matrix times the inverse of its eigenvector matrix. 

 

So if you want to compute a power of a non diagonal matrix, it is much easier to transform the matrix to an eigenbasis (if it has 

enough eigenvectors), compute the power of the new matrix which is diagonal and then transform back to the initial basis. To 

do so we have to find the eigenvectors and eigenvalues of that transformation (we have to find the matrix V and then invert it). 

So we get the V-1-6Ѐ-ȭ ×ÈÅÒÅ -ȭ ÉÓ ÄÉÁÇÏÎÁÌȢ  

4ÈÅÎ ×Å ÃÁÎ ÐÒÏÃÅÓÓ -ȭ ÆÏÒ ÅØÁÍÐÌÅ ÔÁËÅ ÔÈÅ ÎÔÈ ÐÏ×ÅÒ -ȭn and then transform back to the initial basis 

6-ȭnV-1=Mn  

 

Eigenvectors for symmetric matrices  

Symmetric matrices (a square matrix that is equal to its transpose, its rows are the same as its columns, whatever exist in one 

part of the diagonal exist also in the other) have orthogonal eigenvectors. As any matrix, a symmetric matrix S can be 

decomposed to a product of its eigenvector and eigenvalue matrices but in this case the eigenvector matrix and its inverse or 

transpose are orthogonal matrices. And therefore symmetric matrices are excellent for computations. Because they can be 

decomposed to orthogonal and diagonal matrices which are excellent for computations.  S=QɤQ-1 = QɤQT  

 

Singular values and singular vectors  
Like eigenvectors but for non-square matrices.  

 

SVG is the best factorization of all, because it decomposes 

a matrix to its most important components by (and this is 

the important thing) decomposing it to two orthogonal 

and one diagonal matrices (these are the best matrices for 

computations) 

 

U left singular vectors 

V right singular vectors  

ɫ singular values matrix  

  

When the matrix A is square the U and V are identical and 

is the one eigenvector matrix.  

 



We can make these singular vectors perpendicular to each 

other (linearly independent vectors) and that makes VT 

and U orthogonal matrices. ɫ is diagonal. So SVG combines 

the best of matrices.  

 

Rotation (VT) + stretch (ɫ) + rotation (U) 

4ÈÁÔȭÓ ×ÈÁÔ ÓÉÎÇÕÌÁÒ ÖÅÃÔÏÒÓ ÁÎÄ ÖÁÌÕÅÓ ÄÏ ÔÏ Á ÓÐÁÃÅȢ  

 

The singular values are sequenced from largest to 

smallest. So ʎ1 is larger than ʎ2.  

 

Approximating a huge matrix using SVG 

Using SVG you can get the important part of a matrix. Assume you have a huge matrix which is impossible to work with. You 

randomize the huge matrix and get a smaller sample from it (so it is more efficient for calculations). The random sampling is a 

good representation of the huge matrix. Then you apply SVG and you keep the larger singular values. So you can simplify your 

problem. The largest values are the important ones because these define the dominant part of the transformation (the largest 

stretching). The others are insignificant in comparison. So you can approximate the initial huge matrix with a simpler one 

(actually with three simple matrices U, V and ɫ) by getting the most important features of it. Then you can make calculations 

extremely more efficient.  

 

 

Abstract vector spaces  
What are vectors at a fundamental level? List of Real numbers, vectors in a space or something else? 

 

As you become more fluent with change of basis you start to realize that you are dealing with a space that exists, independently 

of the coordinates that you give it.  

 

Thinks like the determinant and eigenvectors are independent from 

the coordinate system . They are inherently spatial. You can freely 

change the coordinate system without changing the underlying values 

for either one. But what is space really?  

 

 

Functions as vectors  

 

Functions can be added together and can be scaled. To add them you have to calculate 

the sum of the output value of each function in a specific location and do this for all 

infinite locations (inputs). To scale them you have to get the product of each output 

value with the scalar.  

 

Given that the only thing vectors can do is to be added together and be scaled  it seems 

that we can get the same problem solving techniques that we used in linear algebra 



 

 

(linear transformations, null space, dot products, eigen everything etc.) and apply 

them to functions (which are actually vectors with infinite coordinates or rather 

vectors are functions with a specific set of input - output values).  

 

If you think of the analogy, you can think of the coordinates of a vector as the output 

values of a function. The input value can be considered to be the position of the 

coordinate. You can think of a vector [7 0 5] as a function f that gets 3 inputs and gives 

3 outputs. f(1)=7, f(2)=0, f(2)=5. You can think of a vector as equivalent to a specific 

function f (although f in reality would have values for each position in between). So a 

3d vector is equivalent to a function with some specific properties. In this analogy, the 

whole 3d space of infinite 3d vectors is analogous with infinite functions. Another 3d 

vector would be equivalent to another function.  

 

 

 

 

Linear transformation of a function  

 

 

For example there is reasonable notion of a linear transformation of a 

function. But what does it mean for a transformation of functions to be linear? 

In general linearity has a somewhat abstract and symbolically driven 

definition. A transformation if linear it satisfies two properties, additivity and 

scaling (homogeneity): 

 

 

 

 

Additivity means that if you add two vectors v and w, then apply a 

transformation on the sum you get the same result with adding the 

transformed versions of v and w. 

 

Scaling means that if you scale a vector and then apply a transformation, you 

get the same result as if you scale the transformed vector by the same amount. 

 

The way this is often described is that linear transformations preserve 

addition and scalar multiplication .  

 

The illustration of grid lines that remain parallel and evenly spaced after a transformation while preserving the origin, is a 

consequence of the above statement, in the case which such a transformation is applied to vectors (points) of a 2d space.  

 

An important consequence of a linear transformation is that it is completely described by where it moves the basis vectors. Since 

any vector can be expressed by scaling and adding the basis vectors in some way, finding the transformed version of a 



vector, comes down to scaling and adding the transformed versions of the basis vectors in that same way . This is what 

makes matrix vector multiplication possible since it is translated numerically, to a matrix vector multiplication. 

 

Derivative operation as a linear transformation  

 

 

The Derivative operation is a linear operation (operation, another word 

for describing a transformation) since it preserves both addition and 

scaling. Just as a 2d linear transformation does this for 2d vectors, the 

derivative operation (an infinite dimensions transformation) does for 

functions (vectors of infinite dimensions).  

 

You can think of all functions (the derivative of which exists) as a space. 

A certain function would be a vector of that space. This space could be 

described by some basis vectors, or basis functions since a function is a 

vector. A transformation could be applied to that space, transforming it 

and all the vectors (functions) with it. If this transformation exhibits 

additivity and scaling then it is a linear transformation. The derivative 

operation is such a transformation and as such it can be represented by 

a matrix.  

 

 

 

In this analogy each vector of that space (represented as a point where 

its tip is), is a distinct function. The basis vectors are functions 

themselves. All other functions can be expressed as addition of scaled 

basis functions. The derivation operation is a linear transformation of 

that space. A transformed function is the same linear combination of 

transformed basis functions. You can do all linear algebra stuff in this 

context. For example finding the eigenvectors or more appropriately, 

the eigenfunctions. An eigenfunction of the derivative operation is the 

function ex since it remains the same after the transformation. Every 

function ekx is an eigenfunction (where k is the eigenvalue as I think). 

 

 

,ÅÔȭÓ ÔÒÙ ÔÏ ÃÒÅÁÔÅ Á ÍÁÔÒÉØ ÔÈÁÔ ÄÅÓÃÒÉÂÅÓ ÔÈÅ ÄÅÒÉÖÁÔÉÏÎ ÏÐÅÒÁÔÉÏÎȢ )Ô 

seems tricky since function spaces tend to be infinite dimensional (if 

ÔÈÅÉÒ ÄÏÍÁÉÎ ÉÓ ÉÎÆÉÎÉÔÅɊȢ ,ÅÔȭÓ ÄÅÆÉÎÅ ÔÈÅ ÓÐÁÃÅ ÁÓ ÔÈÅ ÓÐÁÃÅ ÏÆ ÁÌÌ 

polynomial functions. They have a finite number of terms but they can 

have infinitely large powers.  

Next we have to define a basis. Since polynomials are written as 

addition of scaled powers of x, we can think of powers of x as the basis 

functions. The number of basis functions is infinite since we can have 

infinitely large powers of x, so every vector (polynomial) can be 

expressed as a list of infinite coordinates where 0 exist in all places of  

zero scaled powers. 



 

 

 

  

In general terms since a polynomial has finite number of terms, its 

vector representation would be a finite list of numbers followed by an 

infinite tail of zeros. So if you want to construct a matrix that represents 

the derivation operation you can do it by taking the derivative of each 

basis function and putting the coordinates of the result in each column. 

This is the equivalent of where the basis vectors land after the 

transformation and is the matrix that describes the transformation 

from the view of the initial basis. 

  

 

The result is a matrix with first column of 0s and a shifted diagonal of 

real numbers increased by one. If a polynomial is represented as a 

vector we can think that the derivation operation is applied to its space 

and transforms the vector to a new position. The resulting vector 

represents a polynomial too. This resulting polynomial is the derivative 

of the initial polynomial. If you do the multiplication you will see that 

this is indeed the derivative. This happens because the derivative 

operation is a linear transformation. 



 

 

 

So taking the derivative of a function and matrix vector multiplication 

are members of the same family.  

 

So back to the question of what a vector is. There are a lot of vector-ish  

things in math. Where there is a reasonable notion of scaling and 

adding, whether this is arrows in a space, or a list of numbers or 

functions or whatever else, linear algebra operations should be able to 

be applied. All these different things that exhibit these two properties 

are called vector spacesȢ 9ÏÕ ÃÁÎ ÔÈÉÎË ÏÆ Á ÖÅÃÔÏÒ ÁÓ ÁÎÙ ȰÏÂÊÅÃÔȱ ÏÆ 

such a space. An analogy of asking what a vector is, is asking what the 

number 3 is. It can be many things, 3 apples, 3 lists, 3 functions etc. It is 

just a triplet of objects. 

 

Some comments 

It's amazing how this makes everything add up. You can easily see how e^x is an eigenvector of the derivative transformation. 

While I was considering how you would go about calculating the determinant of an infinite matrix, I realized that it is just 0 

because the first column is 0. Which makes sense since the derivative reduces a "dimension" from the polynomial (one of the 

transformed basis functions can be expressed as a linear combination of the other transformed basis functions). Which also 

explains why ÄÅÒÉÖÁÔÉÏÎ ÉÓ ÎÏÔ ÉÎÖÅÒÔÉÂÌÅȢ &ÏÒ ÅØÁÍÐÌÅ ÔÈÅ ÄÅÒÉÖÁÔÉÖÅ ÏÆ ςØ ÉÓ ςȢ ÂÕÔ ÙÏÕ ÃÁÎȭÔ ÇÏ ÂÁÃË ÆÒÏÍ ς ÔÏ ςØ ÂÅÃÁÕÓÅ ÔÈÅ 

derivative of 2x+c is also 2. There is an infinite number of functions that have derivative 2.  

 

I want to point out that there's actually a lot of depth to defining the invariants, i.e. geometric properties like the trace, 

determinant, set of eigenvalues, etc. of a linear transformation when you have infinitely many dimensions. For instance, with 

the determinant you have to multiply an infinite collection of numbers and you have to ask questions like: "When will this infinite 

product converge?"In finite dimensions you have a discrete set of eigenvalues, but for infinite dimensional transformations you 

can have a full continuum of eigenvalues as well. This deep interplay between linear algebra  and real analysis  is the subject 

of functional analysis . 

 



The 8 axioms of linear algebra  

 

In modern theory of linear algebra there are 8 

axioms that a vector space must satisfy in order for 

all the linear algebra operations to be applied to it. 

They are just a check list that you can easily check 

to determine if the two fundamental properties of 

addition and scaling are preserved after a 

transformation. 

 

So if you define some bizarre vector space that 

exhibits addition and scaling, if it satisfies these 

axioms then you can use the linear algebra tools to 

that vector space. 

 

This abstract definition of vectors is the reason that every math book describes a linear transformation using addition and 

ÓÃÁÌÉÎÇ ÉÎ ÔÈÅ ÄÅÆÉÎÉÔÉÏÎ ÒÁÔÈÅÒ ÔÈÁÎ ÇÒÉÄ ÌÉÎÅÓ ÔÈÁÔ ÒÅÍÁÉÎ ÐÁÒÁÌÌÅÌ ÁÎÄ ÅÖÅÎÌÙ ÓÐÁÃÅÄȢ 4ÈÅÙ ÄÏÎȭÔ ×ÁÎÔ ÔÏ ÂÅ ÌÉÍÉÔÅÄ ÔÏ Á Ópecific 

example. Abstractness is the price of generality.  

 

 

Todo  
 Transpose matrix 

 Adjugate matrix 

 Adjoint matrix  

 Exponential matrix 

 Trace  

 Gaussian elimination and row echelon  

(it is an algorithm for solving systems of linear equations. So a method for finding the inverse of a matrix right?) 

 Diagonalization 

 Characteristic polynomial 

 Minors and cofactors  

 Invariants  

 

 

Misc 
Norm  

In mathematics, a norm is a function from a real or complex vector space to the nonnegative real numbers that behaves in certain 

ways 



 

L2 norm (Second norm) 

In particular, the Euclidean distance of a vector from the origin is a norm, called the 

Euclidean norm, or 2-norm, which may also be defined as the square root of the inner 

product of a vector with itself (which ultimately gives the Euclidean distance).  

||y|| = sqrt(y*y) = sqrt(y 12+y22) 

 

 

 

 

Invariants  

a function, quantity, or property that remains unchanged when a specified transformation is applied.  

 

Linear combinations  

We use the term linear combination to describe any expression constructed from a set of variables by multiplying each variable 

by a constant and adding the results. (me: Since y=ax is the function of a line, the linear combination can be thought of as a 

combination of lines.) 

 

 the transformation (function) L must exhibit these two properties in order to be 

considered linear. 

 

A function f is linear if it obeys the following equation: 

 (Additivity)  

If the input to the linear function f, consists of five parts x1 and three parts x2, then the output of the function will consist of 5 

parts f(x1) and three parts f(x2). Essentially, linear functions transform linear combinations of inputs into the same linear 

combinations of outputs. A function f is linear if it transforms linear combinations of inputs, into the same linear combinations of 

outputs. 

 (Homogeneity) )()( xfxf Ö=Ö aa  

 

The general equation of a line (in 2 dimensions) is ax+by=c and even in multiple dimensions you can parameterize a line by a 

series of expressions like ÁτØτϽÂτÔЄÃτȟÁυØυϽÂυÔЄÃυȟȣȟÁÎØÎϽÂÎÔЄÃÎ. As such, terms with only one power of a variable (e.g, ax or 

by, but not xy are called "linear terms", since they are the terms you find in equations for lines. 

 



 

Can we say that a transformation is linear if and only if every dimension is transformed linearly? For example in a 2 dimensions 

transformation (plane to plane for example tablet to wall), x should be transformed by a linear f(x) and y should be transformed 

ÂÙ Á ÌÉÎÅÁÒ ÇɉÙɊȢ )Æ ÓÏȟ ÔÈÅÎ ÔÈÅ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎ ÉÓ ÌÉÎÅÁÒ ÁÎÄ ÃÁÎ ÂÅ ÒÅÐÒÅÓÅÎÔÅÄ ÂÙ Á ÍÁÔÒÉØȢ )Æ ÉÔ ×ÁÓÎȭÔ ÌÉÎÅÁÒ ÔÒÁÎÓÆÏÒÍÁtion (for 

example dimensions were transformed with x2Ɋ ÔÈÅÎ ÙÏÕ ÃÏÕÌÄÎȭÔ ÒÅÐÒÅÓÅÎÔ ÔÈÉÓ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎ ×ÉÔÈ Á ÍÁÔÒÉØȢ 9ÏÕ ÓÈÏÕÌÄ have 

a matrix for each point since each point is transformed differently 

 

A linear function can be considered as a transformation function that maps two spaces with each other. 

+ÎÏ×ÉÎÇ ÔÈÅ ÏÕÔÐÕÔÓ ÏÆ Á ÌÉÎÅÁÒ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎ 4 ÆÏÒ ÁÌÌ ȰÄÉÒÅÃÔÉÏÎÓȱ ɉÄÉÍÅÎÓÉÏÎÓɊ ÉÎ ÉÔÓ ÉÎÐÕÔ ÓÐÁÃÅ ÉÓ Á ÃÏÍÐÌÅÔÅ 

characterization of T . Without this linear structure, characterizing unknown input-output systems is a much harder task. 

Linear algebra is the study of linear structure, in all its details. 

 

For example if T is a linear transformation that maps a two dimensional space to another two dimensional space (for example 

tablet to wall), then by mapping two lines of the tablet surface to the wall surface, one for each direction, we can completely 

descÒÉÂÅ 4Ȣ ÆÉÒÓÔ ×Å ÃÒÅÁÔÅ Á ÐÏÉÎÔ ÉÎ ÔÈÅ ÉÎÐÕÔ ÓÐÁÃÅ ÏÎ ɉπȟπɊ ÁÎÄ ÓÅÅ ×ÈÅÒÅ ÉÓ ÔÈÅ ɉπȭȟ πȭɊ ÉÎ ÔÈÅ ÏÕÔÐÕÔ ÓÐÁÃÅȢ 4ÈÅÎ ×Å ÍÁÐ ÔÈe 

ɉρȟπɊ ÁÎÄ ÔÈÅ ɉπȟρɊ ×ÈÉÃÈ ÁÒÅ ÔÈÅ Ô×Ï ÄÉÒÅÃÔÉÏÎÓȢ 4ÈÅÙ ÁÒÅ ÍÁÐÐÅÄ ÔÏ ɉρȭȟπȭɊ ÁÎÄ ɉπȭȟρȭɊȢ ËÎÏ×ÉÎÇ ÔÈÅÓÅ Ô×Ï ×Å ÈÁÖÅ Á ÃÏÍÐÌÅÔe 

characterization of T. If we know that T is a linear transformation (by testing input output pairs for example -you need to have 

linearity in all dimensions, here two, as I understand) then any input to the linear function T can be described as a combination 

ÏÆ ɉρȭȟπȭɊ ÁÎÄ ɉπȭȟρȭɊȢ &ÏÒ ÅØÁÍÐÌÅ ÈÅÒÅ ×Å ×ÁÎÔ ÔÏ ÆÉÎÄ ÔÈÅ ÍÁÐÐÉÎÇ ɉÐÒÏÊÅÃÔÉÏÎɊ ÏÆ ÔÈÅ ɉςȟσɊ ÖÅÃÔÏÒ ÏÆ ÔÈÅ ÉÎÐÕÔ ÓÐÁÃÅȡ 

 

 

 

A Linear transformation can be represented by a matrix  

y is a linear combination of the columns of A 

 

 y is a linear combination of the columns of A. This 

means that you can express any linear combination 

of a set of vectors as a matrix vector product.  

 

 

This is a core idea of linear algebra. Multiplication by a matrix A m*n can be thought of as a linear transformation TA that takes 

n-sized vectors as inputs and produces m-sized vectors as outputs. In the above example your input is the x vector (size 2) which 

is transformed to a size 3 vector. Instead of writing y=TA(x) to denote the linear transformation applied to the vector x we write 

y=Ax. We say TA is represented by the matrix A. 

 

The action of a function on a number is similar to the action of a linear transformation on a vector 

 

 

 



Abstract vectors: Things that can be added. As I understand it, vectors can be thought of as operations to a state, that when 

applied together to this state have the same effect with when they are applied to it one after the other? For example, a wave can 

be represented like a list of three numbers (wavelength, magnitude, phase) and two waves can be added together. (so as I 

understand, you can represent a wave with a 3d vector and make calculations between vectors to find the interaction of waves.) 

 

Vector operations 

addition, subtraction, scaling, dot product and cross product 

 

Matrix operations 

addition, subtraction, scaling, matrix product (AB), matrix vector product (Av-), matrix inverse (A-1), trace (Tr(A), determinant 

(det(A) or |A|)  

 

Inverse:  

The cumulative effect of applying A-1 after A is the identity matrix (ʈʋʉɻɿʅɻʚʋʏ ʌʚʉɻʆɻʏ):  

 

 

Identity matrix  

A*I=I*A=A where I is the identity matrix 

 

 

Inverse matrix 

(ÁÖÅ ÉÎ ÍÉÎÄ ÔÈÁÔ ÎÏÔ ÁÌÌ ÎÕÍÂÅÒÓ ÈÁÖÅ ÁÎ ÉÎÖÅÒÓÅȢ π ÄÏÅÓÎȭÔ ÈÁÖÅȢ  

/ÎÌÙ ÓÑÕÁÒÅ ÍÁÔÒÉÃÅÓ ÃÁÎ ÈÁÖÅ ÁÎ ÉÎÖÅÒÓÅ ÂÕÔ ÎÏÔ ÁÌÌ ÈÁÖÅȢ 4ÈÏÓÅ ÔÈÁÔ ÄÏÎȭÔ ÁÒÅ ÃÁÌÌÅÄ 

singular or degenerate.  

 

 

Transpose matrix 

 

 

A 4 dimensional vector belongs to the set of R4, the set of all 4d vectors with real numbers as values.  

 



The essence of Calculus  

Introduction  

 

 

 

 

Imagine that we want to find a formula that gives the area of a 

circle. We can split it to different areas. One kind of splitting is 

to split the circle area to concentric circle. This splitting makes 

sense since it respects the symmetry of the circle and Math has 

a tendency to reward you when you respect its symmetries. 

You can try to approximate the area of such a slice considering 

it as rectangle-ish. The smaller the thickness, the more true this 

would be (the more rectangular the slice would be) since top 

and bottom sides would tend to be equals. Each slice has an 

area of 2ʌr*dr and the area of the circle is the sum of all these 

areas.  

 

We can create a cartesian plane with x axis the radius of a slice. 

Approximating a slice with a rectangular shape, we can place 

them all together on the x axis. The sum of their area would be 

the area of the circle.  

 

The thickness of the slice is dr the height is 2ʌr. The x axis is 

the r the y axis is the height which is a function of r so we can 

express it as a function f(r)=2ʌr and graph it. Doing so, we can 

clearly see that the sum of many small slices approximates the 

area under a graph. The smaller the dr the closer we would be 

to the area under the graph. So we can deduce that the exact 

(not an approximate) answer is the area under the graph. We 

can deduce that the value that our formula (sum of many 

small values)  approaches without never reaching, is the 

exact answer . Since the graph forms a triangle its area equals 

to 
323

2
1 pÖÖ=Area

 which is ʌ32 or ʌr2 in general. 

 

Many problems can be approached like this, as a sum of small 

values. It turns out that most of these problems are equal to the 

area under a graph. This happens whenever the quantities 

that you add, the sum of which approximates the quantity 

that you are looking for, can be thought of as the areas of 

many thin rectangles sitting side by side.   

 

In order for a quantity to be able to be represented by the area 

of a rectangle b*h, it needs to be able to be expressed as a 

product of two quantities where one quantity is the one across 

which we slice and the quantity that we are looking for is a 

function of the sliced quantity. 

 



For example finding the distance traveled by an object if you 

know its velocity at each point in time.  

 

Integral and derivative  

The Integral of a function F(x) at a certain input x, represents the value to which a certain sum converges. The value to which 

ÔÈÅ ÓÕÍ ÏÆ ÔÈÅ ȰÓÉÇÎÅÄȱ ÁÒÅÁÓ ÏÆ Á ÌÁÒÇÅ ÎÕÍÂÅÒ ÏÆ ÓÍÁÌÌ ÐÁÒÁÌÌÅÌÏÇÒÁÍÓ ÕÐ ÔÏ Á ÐÏÉÎÔ Ø ÕÎÄÅÒ ÔÈÅ ÆÕÎÃÔÉÏÎ ÇÒÁÐÈ ÃÏÎÖÅÒÇÅÓ ÔÏ, 

as the side of the parallelograms becomes smaller and smaller is called the integral of that function f at that specific input x. Since 

the integral value depends on the input x, the integral is a function of x too.  

 

The derivative of a function A(x) at a certain input x, represents the value to which a certain ratio converges. We know the 

ÆÕÎÃÔÉÏÎ &ɉØɊ ÂÕÔ ×Å ÄÏÎȭÔ ËÎÏ× ÔÈÅ ÆÕÎÃÔÉÏÎ ÔÈÁÔ ÄÅÓÃÒÉÂÅÓ ÔÈÅ ÁÒÅÁ ÕÎÄÅÒ ÉÔÓ ÇÒÁÐÈ ɉÉÔÓ ÉÎÔÅÇÒÁÌ !ɉØɊɊȢ 7ÈÁÔ ×Å ÄÏ ÎÏ×ȟ ÉÓ how 

the area is affected if we make a small change to the input value x of the function f. This value can be represented by a ratio and 

is called the derivative of the function that describes the area (the derivative of the integral) at that specific point. Since the 

derivative value depends on the input x, the derivative is a function of x too.  

 

The derivative of the integral of a function at a certain input is equal to the value of the function at that input. This is the 

fundamental theorem of calculus. 

 

 

 

This technique is important since many problems that can be expressed as 

the sum of many small things can be reframed as finding the area under a 

graph. 

 

The area under a graph between 0 and a random value x, is a function of x 

and is called integral  ÏÆ ÔÈÅ ÇÒÁÐÈȭÓ ÆÕÎÃÔÉÏÎȢ ɉÔÈÅ ÖÁÌÕÅ ×ÈÉÃÈ ÔÈÅ ÓÕÍ ÏÆ 

the area of many small slices, approaches) 

 

Finding the area under a graph is genuinly hard. For example finding the 

area under the graph of x2. one way to approach this, is to think of what 

happens to A(x) if you slightly increase x. The smaller the dx, the better a 

rectangular area approximates the change in A. The ratio of a tiny change in 

A to the tiny change of x that caused it, is equal to whatever x was at that 

ÐÏÉÎÔȟ ÓÑÕÁÒÅÄȢ 7Å ÄÏÎȭÔ ËÎÏ× !ɉØɊ ÂÕÔ ×Å ËÎÏ× ÏÎÅ ÐÒÏÐÅÒÔÙ ÔÈÁÔ ÔÈÉÓ 

function must have. 

 

This applies to any random function f(x) the graph of which has an area 

A(x). Giving a specific input x to the function A(x) results in a certain output 

value (a certain area). If you slightly change this input, the output changes 

slightly too. This tiny change to the output of A divided by the tiny change 



 

to the input that caused it, is about equal to the height of the graph that 

forms A, at the initial input, the output of f(x). This approximation gets 

better as the change gets smaller. 

 

This ratio shows how much the area will be affected by a small change in x. 

this is the definition of the derivative of the function that relates the area 

with x. More formally, the derivative is whatever this ratio approaches 

as the slight change gets smaller and smaller.  The derivative  is a 

measure of how sensitive a function is to a change in its input . In this 

ÃÁÓÅ ÔÈÅ ÆÕÎÃÔÉÏÎ ÉÓ !ɉØɊ ×ÈÉÃÈ ÇÉÖÅÓ ÔÈÅ ÁÒÅÁ ÕÎÄÅÒ ÔÈÅ ÇÒÁÐÈȟ 7Å ÄÏÎȭÔ 

know the function A(x) but we know that its derivative is x2.  

 

Since the area that a function F(x) forms with x axis, is a function of x itself, 

it has its own graph too. The area under the F graph at a point x1, is the value 

of the function A at x1. the derivative of the function A is the original 

function F. The derivative of F is a different function.  

 

 

The fundamental theorem of calculus  

The derivative of a function that describes the area under a graph, gives you back the function that describes the graph itself. It 

ties together integrals and derivatives and shows how in one sense one is the inverse of the other (you integrate a function 

 

Derivative   
The derivative of a function at a specific point, is the best constant approximation of the rate of change of the function around 

that point. 

Derivatives is fundamentally a way to look at small changes in some quantity and how that relates to a resulting change in 

another quantity. The ratio of the resulting change to the change that caused it, is the rate of change of the resulting quantity 

(per unit change of the initial quantity) 

 

The paradox of the derivative at specific points  



 

The derivative is the value that the ratio approaches as dt goes 

to 0, it is not the a ratio itself, since if we wanted to get the exact 

value at a particular point, dt should have been zero and the 

ÒÁÔÉÏ ×ÏÕÌÄÎȭÔ ÂÅ ÄÅÆÉÎÅÄȢ   

 

The pure math definition is that the derivative is the slope of 

the tangent to a graph at a specific point. The bigger the change 

(ds) the bigger the slope of the tangent. 

 

This way we can flirt with the paradox of change in an instance 

without ever touching it. 

 

 

 

This is how the derivative formulas are calculated. They arise 

algebraically from the ratio df/dt at certain points. Since we 

want to get the value which this ratio approaches as dt 

becomes 0, all terms with dt can become 0. what lefts is the 

approached value. 

 

 

 

A good way of thinking about the derivative of a function in a certain point, is that it is the best constant approximation of 

the rate of change of this function  around that point . At time t=0, is the car moving? The derivative of the distance to time 

ÆÕÎÃÔÉÏÎ ÉÓ ÓÐÅÅÄ ÔÏ ÔÉÍÅȟ ÁÎÄ ÔÈÅ ÄÅÒÉÖÁÔÉÖÅ ÆÏÒÍÕÌÁ ÇÉÖÅÓ ÓÐÅÅÄЀπ ÉÎ ÔЀπȢ 3Ï ÉÆ ÉÔ ÄÏÅÓÎȭÔ ÓÔÁÒÔ ÍÏÖÉÎÇ ÁÔ ÔЀπ ÔÈÅÎ ×ÈÅÎ ÄÏes it 

start? This is a paradox and the roper answer is that the question makes no sense. It references the idea of change in a particular 

ÍÏÍÅÎÔ ɉÔЀπɊ ÂÕÔ ÔÈÅÒÅ ÃÁÎȭÔ ÂÅ ÎÏ ÃÈÁÎÇÅ ÉÎ Á ÐÁÒÔÉÃÕÌÁÒ ÍÏÍÅÎÔȢ 9ÏÕ ÎÅÅÄ ÔÏ ÃÏÍÐÁÒÅ ÉÔ ÔÏ ÁÎÏÔÈÅÒ ÍÏÍÅÎÔ ÓÏ ÔÈÁÔ ÔÈÅ ÎÏÔÉÏÎ 

of change has a meaning. What this means based on derivative definition, is that the best constant approximation of speed 

around 0 is 0. 

 

Derivative Rules  
Power rule, add rule, product rule, chain rule 

 

Power Rule  

You can visualize the various derivative formulas through geometry 



 

 

Suppose that a rectangle represents the function f(x)=x2. if we increase the side x by 

a small amount dx the area changes too, by a quantity represented as df.  

 

You can safely ignore any quantity that is dx raised to a power bigger than one since 

it would be really small.  This can be algebraically proved since when we divide by 

dx, the dx2 turns to dx and is added to the result. But since dx approaches 0, the 

contribution of that term is zero. [df=2x*dx+dx2 ---> df/dx=2x+dx ---dx-->0--->df/dx=2x] 

 

So it is safe to say that df=2x*dx so df/dx=2x meaning that the rate of change of the 

area of the rectangle as the side changes is two times the side.  If the side is 1 then a 

increase of the side by one unit of length, results in an increase in the area of 2 units 

of area.  

 

Generalizing, the derivative of polynomial terms give the power rule. 

 

 

 

 

How the power rule is proved algebraically 

Initially we have a quantity xn. We apply a small change in x, so 

the resulting quantity would be (x+dx)n. We want to find how 

the quantity changed. To do so we can get the difference 

between after and before the change. Doing algebra on the 

changed quantity, it turns out that all but a negligible portion of 

the increase in the output comes from the nxn-1 term.  

So df=xn-(x+dx)n=nxn-1dx+sth*dx2 ---> df/dx=nxn-1+sth*dx As dx-

>0 sth*dx->0 too. 

That is why the derivative of xn is nxn-1.  

 

 

ÄɉÓÉÎʃɊȾÄØЀÃÏÓʃ 

ÄɉÃÏÓʃɊȾÄØЀ-ÓÉÎʃ 

 

Derivatives of combinations of functions 

There are 3 basic ways to combine functions: add them together, multiply them and compose them (throw one inside the other). 

Subtracting or dividing can be expressed with the three basic ways.  

 



Sum Rule 

 
 

 

Product Rule  

Usually the best way to visualize a product of two things is as some kind of area. For example the area of a box in which each 

ÓÉÄÅȭÓ ÌÅÎÇÔÈ ÉÓ Á ÆÕÎÃÔÉÏÎ ÏÆ ØȢ !Ó ÙÏÕ ÃÈÁÎÇÅ Øȟ ÔÈÅ ÓÉÄÅÓ ÌÅÎÇÔÈ ÃÈÁÎÇÅ ÁÃÃÏÒÄÉÎÇÌÙȢ 4ÈÉÓ ×ÁÙ ÔÈÅ ÐÒÏÄÕÃÔ ÏÆ ÔÈÅ Ô×Ï ÆÕÎÃÔions 

can be represented by the area of that box. So to see the derivative, you can see how this area is affected by a tiny increase in x.  

 

 

 

Chain Rule 

 

We express the change of the third quantity relative to the 

second one (dh). we have already expressed the second in 

relation to the first so at the end we can unfold everything.  

 

dh=d(x2)=2xdx 

 

 The derivative of g evaluated on h, multiplied by the derivative 

of h. 

 



 

 

 

Derivatives of exponentials  

All exponential functions are proportional to their own derivative. 

 

 

 

We want to calculate the derivative of the exponential 

function with base two 2t. Writing the ratio and making 

some algebra we end up with a formula which shows 

that the derivative is a product of the exponential 

function itself with some quantity that is a function of dt. 

 

As dt approaches to zero, this quantity approaches a 

certain value which is different for each base. So 

d/dt(a t)=c*at where c is a constant that depends on the 

base a.  



It turns out that this constant equals to 1 if the base of the exponential is the number e. Actually this is another definition for e 

(the number to which that formula approaches when dt approaches to zero). We can find the derivative of any multiple power 

of e applying the chain rule.   

ce
dt

dct

dct

de

dt

de ct
ctct

Ö=Ö=
 

If we could express any exponential with base a as another exponential with base e,  we could easily calculate its derivative. 

 

Suppose we want to calculate the derivative of ax. We can try to express a as a power of e. We want to find a number x so that 

ex=a. Solving this equation for x (lnx is the inverse function of ex) we get that x should be the natural logarithm of a.  

axaeae xx lnlnln =Ý=Ý=  

This means that  

aea ln=  

So any exponential with base a can be rewritten as an exponential with base e. This is a very convenient fact. When we work 

with the rate of change of exponentials, we should convert them to exponentials of base e .  

xaxax eea Ö== lnln )(
 

This means that the derivative of any exponential with base a would be 

ae
dx

adx

adx

de

dx

de

dx

da xa
axaxx

ln
ln

ln

ln
lnln

Ö=Ö== Ö

 

For the derivative of an exponential with base two 2x, this formula gives 
xxxxx edxdsoe 22ln2ln)2(2 2ln2ln Ö=Ö== Ö

 

Which shows that the proportionality constant  ÏÆ ÔÈÅ ÄÅÒÉÖÁÔÉÖÅ ÉÓ ÔÈÅ ÎÁÔÕÒÁÌ ÌÏÇÁÒÉÔÈÍ ÏÆ ς ɉÌÎςЀπȢφωσρυȣɊ ÁÎÄ ÉÓ ÔÈÅ 

quantity which is a function of dt that we described before. Generalizing we can see that the derivative of an exponential with 

base a is the same exponential multiplied by the natural logarithm of its base. 

x
x

aa
dx

ad
Ö=ln

)(

 

 

Notice that similarly we can express any exponential to 

an exponential with a base of our choice.  

 

Apart from the mathematical convenience, writing exponentials in the form with base e, gives the constant in the exponent a 

nice meaning.  

For example if we examine some phenomena like these: 

 The rate of change of a population is proportionate to itself (to the population at any given time) 



 The rate of change of the temperature of a hot liquid in a room, is proportionate with the difference of temperatures 

between the room and the water. Or said a little differently, the rate by which this difference changes is proportionate to 

itself (to the difference at any given time). 

 The rate at which an investment grows is proportionate to itself (to the money at any given time) 

In all these cases the rate of change of a variable, is proportionate to itself (to the variable at any given time). All these phenomena 

(the functions that describe these variables in relation to time) can be described with exponential functions since the rate of 

change of an exponential function is proportionate to itself. And it is preferable to express these functions as exponentials with 

base e and exponent a constant times t since this constant at this form has a natural meaning. It is equal to the proportionality 

constant of the rate of change. A function at has a rate of change lna*a t. But looking at the function in the form at ×Å ÃÁÎȭÔ 

understand much about its rate of change. If we write it instead with base e, it would be elna*t  and just by looking at it we can 

deduce the proportionality constant of its rate of change. It is the constant in its exponent (lna). 

 

Implicit differentiation  
7ÈÅÎÅÖÅÒ ÙÏÕ ÈÁÖÅ Á ÒÅÌÁÔÉÏÎÓÈÉÐ ÂÅÔ×ÅÅÎ Ô×Ï ÖÁÒÉÁÂÌÅÓȟ ÂÕÔ ÉÎ ÓÕÃÈ Á ×ÁÙ ÔÈÁÔ ÏÎÅ ÉÓÎȭÔ Á ÆÕÎÃÔÉÏÎ ÏÆ ÔÈÅ ÏÔÈÅÒȟ ÔÈÅÎ ÙÏÕ ×Òite 

the relationship as an equation that has both variables in the left side (the other side could have a variable too). There is no way 

to simplify it more or to write it in a y=f(x) form (since y is not a function of x). The graphs of such equations are called implicit 

curves and the process of finding the derivative of such equations is called implicit differentiation in which the change of one 

variable is related to the change of the other (related rates) 

 

The equation of a circle is not a function. Its graph is just an implicit 

curve. Implicit curve is the set of all points (x,y) that satisfy some 

property written in terms of the two variables. x is not an input, y is not 

an output. They are just interconnected values related with one 

equation. The implicit differentiation formula gives: 

 

 

 

But where did it came from? We can name S the quantity described by 

the equation. We can think of the derivative of the quantity as the rate 

that this quantity changes from a small change in x and a small change 

in y. Doing algebra we end up with this formula.  

 

When we want to find the change of S where S is a function of x, then we 

ÅÎÄ ÕÐ ÉÎ Á ÃÈÁÎÇÅÄ ÑÕÁÎÔÉÔÙ ÄÅÓÃÒÉÂÅÄ ÂÙ ÁÎ ÅÑÕÁÔÉÏÎ ÌÉËÅȡ ÄÓЀÆȭɉØɊÄØ 

which means that we can get an expression for the rate of change of S: 

ÄÓȾÄØЀÆȭɉØɊȢ  

 

When the quantity S is not a function of x but an expression of two 

independent variables x and y, the change of S is an expression of dx and 

ÄÙ ÁÎÄ ÁÓ ÓÕÃÈ ÉÔ ÃÁÎȭÔ ÂÅ ÅØÐÒÅÓÓÅÄ ÁÓ Á ÒÁÔÉÏ ÏÆ Ä3 ÏÖÅÒ ÏÎÅ ÏÎÅ ÃÈÁÎÇÅ 

(there are two changes). And the two changes are related to one 

another. If we change the x by a small dx, we must change the y by a 

specific dy so that we are still in the graph of the equation. dy is related 

to dx (related rates). Related rates  can be expressed as an equation if 



we solve for dy/dx (-x/y in the case of the circle). It shows us how 

much dy must be in order for the x and y equation to be respected  

(in case of circle, the resulting position after dx and dy to still be in the 

circle). 

 

In case of S (or f) as a function of x instead, you change the x by dx and 

you try to find what is the df, how that dx causes the function to change.  

 

 

Related rates 

 

The implicit differentiation formula is related to another calculus 

problem, the related rates problem. Imagine that you have a ladder that 

slips through the wall at a known rate and you want to find the rate of 

change of the other tip (its speed) at time=0. y(t) and x(t) are related to 

each other with a formula. Y(0) and x(0) are 4 and 3 respectively. 

 

One way to solve this, is to isolate x(t) in one side, find what y(t) is from 

the known rate dy/dt and then take the derivative of x(t).  

   

There is though another way to do the same thing. The left part of the 

equation is an expression which is a function of time (although 

constant). The derivative of this expression is the rate at which the 

expression changes as time changes. A small change in time dt causes a 

small change in y (dy) and a small in x (dx). So ultimately a small dt 

causes a small change to the expression. 

 

So we can take its derivative over time to see how it changes over time. 

Doing algebra we can find the dx/dt rate of change.   

 

This looks like the derivative of the circle but in case of circle there is no 

notion of change in time. Just changes in dx and dy, not dt. A way to 

approach this is to think of the quantity S as a function of two variables.  

 

The key think is to restrict the small changes in such a way that the 

resulting position is still in the circle. This is what makes the 

differentiation implicit  

 

But when you restrict yourself in small changes that keep you on the 

ÃÉÒÃÌÅȟ ÔÈÅÎ ÔÈÅ ÑÕÁÎÔÉÔÙ 3 ÄÏÅÓÎȭÔ ÃÈÁÎÇÅ ÁÎÄ ÃÏÎÓÅÑÕÅÎÔÌÙ ÉÔÓ 

derivative dS  would be 0.  

This condition keeps you in the tangent of the circle not the circle itself 

but for small enough steps the tangent line is identical to the circle. 

 

 



Limits  
They allow us to avoid talking about infinitely small changes by instead asking what happens as the size of change to a variable 

approaches zero. 

 

The df/dx ratio is almost what a derivative is. The actual 

derivative is whatever this ratio approaches when dx 

approaches 0.  

 

 

 

 

Graphing the limit as a function of h 
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we can see that this function seems continuous but it is not. For 

h=0 the output value is 0/0 which is not defined. This is 

represented in the graph with an empty point (a hole). We can 

clearly see though that as h approaches 0 no matter from what 

side it approaches it, the output value approaches 12.  

 

In this case though, the limit is not defines. The limit 

approaches a range of length 1, not a specific value. 

 

ʀ,ɿ definition of limits is a formal definition of what a limit is 

 

Calculating limits  

 

A process to find limits as I see it is to begin with the traditional approach where the limit of a product 

of functions is the product of their limits. This is true for all functions expect from the cases in which 

the product ends up to indeterminate forms. In these cases we must find other ways to calculate them 

ÁÎÄ ÏÎÅ ÏÆ ÔÈÅÍ ÉÓ ,ȭ(ÏÓÐÉÔÁÌ ÒÕÌÅ ×ÈÉÃÈ ×ÏÒËÓ ÆÏÒ ÃÁÓÅÓ ÉÎ ×ÈÉÃÈ ÔÈÅ ÐÒÏÄÕÃÔ ÒÅÓÕÌÔÓ ÔÏ πȾπȢ  

 

 

,ȭ(ÏÐÉÔÁÌȭÓ ÒÕÌÅ 



Only for 0/0  

When a function is 0/0 (undefined) for a certain input, you can use a trick to calculate the value to which the function approaches 

as its input approaches that certain value. You define it as a ratio of two other functions and you want to calculate the limit of 

that ratio as their input approaches a certain value. To see what value do these functions have close to that input (lets say x=a) 

we can see what happens in an input x+dx. If you can take the derivative of them at x=a (meaning that they are continuous at a, 

which means that if you zoom in close enough they look like straight lines) then their value is the value of their derivative at that 

point. So the limit can be replaced with a ratio of two derivatives evaluated at a certain input value. 

 

  

 

Cosx/x  (x=0 is 1/0) 

 

Sinx/x (x=0 is 0/0)  

 

 

 

x->a- and x->a+ is the way of saying x approaches a from the left and right respectively.  

 

 

 

With the exception of indeterminate form 


